9-th Irish Mathematical Olympiad 1996

May 4, 1995
Time: 3 hours each part.

Part 1
1. For each positive integer let f (n) denote the greatest common divisonb#- 1
and(n+ 1)!. Find, with proof, a formula forf (n).

2. LetS(n) denote the sum of the digits of a natural numbéin base 10). Prove

that for everyn,
S(2n) < 2S(n) < 108(2n).
Prove also that there is a positive integevith S(n) = 19965(3n).
3. Afunctionf from [0,1] to R has the following properties:

M f(1) =1

(i) f(x)>0forallxe [0,1];
(i) If x,y,X+ye [0,1], thenf(x+y) > f(x)+ f(y).
Prove thatf (x) < 2xfor all x € [0, 1].

4. LetF be the midpoint of the sidBC of a triangleABC. Isosceles right-angled
trianglesABD andACE are constructed externally &B andAC with the right
angles aD andE. Prove that the triangIBEF is right-angled and isosceles.

5. Show how to dissect a square into at most five pieces in sweayahat the
pieces can be reassembled to form three squares of (pgidissiact areas.
Part 2
6. The Fibonacci sequence is definedHgy= 0, F1 = 1 andF, 2 = R, + Fy1 for
n> 0. Prove that:

(a) The statement, x — F, is divisible by 10 for alln € N” is true if k = 60
but false for any positive integér< 60.

(b) The statement®,; — F, is divisible by 100 for alh € N" is true if t = 300
but false for any positive integér< 300.

7. Show that for every positive integer

21/2 .41/4. 81/8' . (2n)1/2n < 4.

8. Suppose thap is a prime number and andn positive integers such thaf 2-
3P =a". Prove thah = 1.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



9. In an acute-angled trianghBC, D, E, F are the feet of the altitudes froAB,C,
respectively, and®, Q, R are the feet of the perpendiculars fraxB,C onto the
EF,FD,DE, respectively. Prove that the lind® BQ,CR are concurrent.

10. The following game is played on a rectangular chessboarél (with five rows
and nine columns). Initially, a number of discs are randoptéced on some of
the squares of the chessboard, with at most one disc on eaatesd\ complete
move consists of the moving every disc subject to the folhmwiles:

(i) Each disc may be moved one square up, down, left or right;

(i) If a particular disc is moved up or down as part of a conglmove, then it
must be moved left or right in the next complete move;

(i) If a particular disc is moved left or right as part of aroplete move, then it
must be moved up or down in the next complete move;

(iv) Atthe end of a complete move, no two discs can be on theesaquare.

The game stops if it becomes impossible to perform a compiete. Prove that
if initially 33 discs are placed on the board then the gametrausntually stop.
Prove also that it is possible to place 32 discs on the boardsdh a way that
the game could go on forever.
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