6-th Irish Mathematical Olympiad 1993

May 8, 1993
Time: 3 hours each part.

Part 1

1. The real numbers andf satisfy the equations

a®—-3a%+5a —17=0,
B3 —-3B2+58+11=0.

Computea + B.

2. A positive integen s calledgood if it can be uniquely written simultaneously as
a;t+ax+---+axand amay - - - ax, wherega; are positive integers ankd> 2. (For
example, 10 is good because2®+2+1+1+1=5-2-1-1-1is a unique
expression of this form). Find, in terms of prime numbers,galod natural
numbers.

3. Alinel is tangent to a circlSatA. For any point®8,C onl on opposite sides of
A, let the other tangents froBiandC to Sintersect at a poire. If B,C vary on
| so that the produciB - AC is constant, find the locus &.

4. Letf(x) =x"+a, 1X""14---+ag (n> 1) be a polynomial with real coefficients
such thatf (0)| = f(1) and each root of f is real and lies in the intervéD, 1].
Prove that the product of the roots does not exce@.1

5. For a complex number = x+ iy we denote byP(z) the corresponding point
(x,y) in the plane. Supposg, z,, 73,2, 75, 0 are nonzero complex numbers such
that

() P(z),...,P(zs) are vertices of a complex pentagQrcontaining the origin
O in its interior, and

(i) P(az),...,P(azs) are all insideQ.

If a =p+iq(p,g<R), prove thatp? +¢° < 1 andp+qtan7—5T <1
Part 2

6. Show that among any five poinB,dots,Ps with integer coordinates in the
plane, there exists at least one p&r, P;) with i # j such that the segmeRtP;
contains a poin@ with integer coordinates other th&énP;.

7. Leta,b; (i=1,...,n) be real numbers such that theare distinct, and suppose
that there is a real numbersuch that the produc¢g; + b1 )(a +by) - -- (a + by)
is equal toa for eachi. Prove that there is a real numb@rsuch that(a; +
bj)(az+bj)--- (an+bj) is equal toB for each.
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8. If 1 <r < nare integers, prove the identity

SENE)-0)

9. Prove that for every real numbewith 0 < x < rand every natural number

sin3  sin5x sin(2n—1)x
+ +—

3 5ttt 0

sinx+

10. (a) The rectanglPQRS with PQ =1 andQR = m (I,m € N) is divided into
Imunit squares. Prove that the diagoR& intersects exactlyy+m—d of
these squares, whede= (I, m).

(b) A box with edge lengthE m,n € N is divided intolmn unit cubes. How
many of the cubes does a main diagonal of the box intersect?
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