
13-th Irish Mathematical Olympiad 2000

May 6, 2000
Time: 3 hours each part.

Part 1

1. Consider the setS of all numbers of the forma(n) = n2 + n + 1, n ∈ N. Show
that the producta(n)a(n + 1) is in S for all n ∈ N and give an example of two
elementss,t of S such thatst 6∈ S.

2. Let ABCDE be a regular pentagon of side length 1. LetF be the midpoint of
AB and letG andH be the points on sidesCD andDE respectively∠GFD =
∠HFD = 30◦. Show that the triangleGFH is equilateral. A square of sidea is
inscribed in△GFH with one side of the square alongGH. Prove that

FG = t =
2cos18◦cos236◦

cos6◦
and a =

t
√

3

2+
√

3
.

3. Let f (x) = 5x13 + 13x5 + 9ax. Find the least positive integera such that 65
divides f (x) for every integerx.

4. The sequencea1 < a2 < · · · < aM of real numbers is called aweak arithmetic
progression of lengthM if there exists an arithmetic progressionx0,x1, . . . ,xM

such that
x0 ≤ a1 < x1 ≤ a2 < x2 ≤ ·· · ≤ aM < xM.

(a) Prove that ifa1 < a2 < a3 then(a1,a2,a3) is a weak arithmetic progression.

(b) Prove that any subset of{0,1,2, . . . ,999} with at least 730 elements con-
tains a weak arithmetic progression of length 10.

5. Consider all parabolas of the formy = x2 +2px + q for p,q ∈ R which intersect
the coordinate axes in three distinct points. For suchp,q, denote byCp,q the
circle through these three intersection points. Prove thatall circlesCp,q have a
point in common.

Part 2

6. Prove that ifx,y are nonnegative real numbers withx + y = 2, then

x2y2(x2 + y2) ≤ 2.

7. In a cyclic quadrilateralABCD, a,b,c,d are its side lengths,Q its area, andR its
circumradius. Prove that

R2 =
(ab + cd)(ac + bd)(ad+ bc)

16Q2 .

Deduce thatR ≥ (abcd)3/4

Q
√

2
with equality if and only ifABCD is a square.
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8. For each positive integern find all positive integersm for which there exist posi-
tive integersx1 < x2 < · · · < xn with

1
x1

+
2
x2

+ · · ·+ n
xn

= m.

9. Show that in each set of ten consecutive integers there is one that is coprime with
each of the other integers. (For example, in the set{114,115, . . . ,123} there are
two such numbers: 119 and 121.)

10. Let p(x) = a0 + a1x + · · ·+ anxn be a polynomial with nonnegative real coeffi-
cients. Suppose thatp(4) = 2 andp(16) = 8. Prove thatp(8) ≤ 4 and find all
suchp with p(8) = 4.

2

The IMO Compendium Group,
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