Indian IMO Team Selection Tests 1997

First Practice Test
Mumbai

1. Thelinel intersects the boundary of a trian@BC in two different points. Prove
that any two of the following statements imply the third:
(i) | bisects the perimeter @t ABC;
(i) | bisects the area R ABC;
(i) 1 passes through the incenterARBC.
2. The sequencéan)y_; of positive integers is defined byy,aq = 2" for every
n e N. Prove that:
(a) pq | apq for any distinct primes, q
(b) p™ | apm for any primep and natural numben.
3. Ifag,ap,...,a, (N> 2) are odd positive integers whose mutual differences ére al

distinct, prove that
n n(n?+ 3)

4. In a tournament with > 2 players, every two play exactly one match and there
are no draws. Show that there is a plaj}esuch that, for every other play¥t
eitherX defeatedr or X defeated a player who in turn defeadd

Second Practice Test
Mumbai, May 13

1. LetABC be atriangle of are& Show that there exists a lihén the plane of the
triangle such that the area commor/t&\BC and its reflection in liné is larger
than 5/3.

2. Adivisord > 0 of a positive integem is said to be anitary divisor if gcd(d, §) =
1. (For example, the unitary divisors of 12 ar8M,12). Prove that if the sum
of all unitary divisors ofh equals & thenn cannot be odd.

3. If x,y are nonnegative real numbers satisfying the equation

2X+Yy+/2xy+3x2+y? =5,

prove thatxy? < 1.
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4. Let{a} and{bi} (i=1,2,...,n) be two distinct collections of nonnegative in-
tegers (with possible repetitions in each collection). [gige that the two col-
lections{a; +a;} and{b; +b;} (1 <i < j <n)are identical. (For example, this
holds for the 4-element collectiod9,2,2,2} and{1,1,1,3}.) Prove thahis a
power of 2.

First Test
Mumbai, May 15

1. Letl be the incenter of triangl&BC andD, E be the midpoints of the respective
sidesAC,AB. Ray DI meetsAB at P and rayEl meetsAC at Q. Show that
AP-AQ = AB-ACif and only if A= 60°.

2. Find all pairs of prime numbe(®, q) for which pq divides 2 + 29.

3. Suppose that the equatidh + 22 + --- + 27 = 0 has a complex roat on the
unit circle, where X k; < ky < --- < k; are integers. Show thatis a root of
unity whenr = 2,3 4.

4. LetX be the set of positive integens< 1997 which are not powers of 2, and let
A be a 997-element subset Xf Show that there are two integets/ € A such
thatx+yis a power of 2.

Second Test
Mumbai, May 19

1. InaquadrilateradBCD, pointsP, Q, R, Sare the midpoints of sidesB, BC,CD, DA,
respectively. The line8B andDC intersect inX and the lineAD andBC inter-
sect inY. Prove that the orthocenters of triangkéeBP andY SQ coincide if and
only if ABCD is a cyclic quadrilateral.

2. Letaandb be two coprime positive integers witht b odd. The seSof positive
integers satisfies the following conditions:

() abes§
(i) Xx+y+ze Swhenevex,y,zc S.

Show that every integer> 2abis in S.
3. If a,b,c are nonnegative real numbers with- b+ c = 1, prove the inequality

a n b n C 9
1+bc 1+4+ca 1+4ab ™~ 10

4. A sequence of positive integeas, ay,...,aigg5 With the sum 3989 is given.
Show that there is a block ofsuccessivey’s (r > 1) whose sum is 95.
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Third Test
Mumbai, May 21

1. LetE andF be points on sideBC,CD respectively of a squar&BCD and let
diagonalBD meetAE atP andAF atQ. Prove that iBE  DF andBP-CE =
DQ-CF, then the point®, Q,F,E,C lie on a circle.

2. The functionf : N — N is defined byf (n) = n+ [\/n]. Prove that for any posi-
tive integemthe sequencen, f(m), f(f(m)), f(f(f(m))),... contains infinitely
many squares.

3. Suppose thatandy are different real numbers such that
X1 —yh
X—y

is an integer for some four consecutive positive integerBrove thaQ, is an
integer for all positive integens

Qn:

4. Find all permutationg&a, ay, ...,an) of 1,2,...,nthat satisfy

at+l<ap+2<---<ap+n.

Fourth Test
Mumbai, May 24

1. LetG be the centroid of triangléBC. The raysAG, BG,CG meet the circumcir-
cle of triangleABC at pointsA,B,C. If ZA> /B> ZC, prove that the largest
angle of triangléABC is at vertexB.

2. Show that any integer divisible by 3 can be written as a stifouw cubes. (For
example, 6= 2%+ (—1)3+ (-1)3+03)

3. Givenn complex numbersgg, Xo, ..., X,, define

n
Yj= ) XXjk forl<j<n,
k=1

where the indices are taken moduloProve that ify; = O for all j, thenx, =0
for all k.

4. A sequenceyg,ay,...,an1 of O's and 1's of lengthn is called very odd if
i”;(‘f’laiaprk is an odd number fok = 0,1,...,n— 1. Prove that if there is a
very odd sequence of lengtithenn is of the form 4« or 4k+ 1 (k € Np).

Fifth Test
Mumbai, May 28
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1. LetABC be atriangle in the coordinate plane whose all verticeszdtied points.
Suppose that there is a unique lattice p@nin the interior of the triangle and
that there are no lattice points on the sides of the triantjlerdhan the vertices.
Prove thaG is the centroid ofAABC.

2. If a,b,c are positive numbers, prove the inequality

1 n 1 n 1 - 3
alb+1) b(c+1) c(a+1l) ~abc+1°

3. (&) Given natural numbersry <r; < --- <rg <n, find the number of par-
titions of setX = {1,2,...,n} into k subsetd\;, ..., A such that the least
elementinAjisrjforl < j<k.

(b) Prove thas(n,k) > ("1, )2, whereS(n,k) is the number of partitions of
X into k subsets angl = [k/2]. (TheS(n,k) are called the Stirling numbers
of the second kind).
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