Indian IMO Team Selection Tests 1994

First Test
May 18

1. A vector in the coordinate plane initially coinciding WwiOMg rotates about
the originO at a constant speed ofiZn radian per second, wherec N. Let
M1, Mg, ..., Mp_1 be the positions oM atthe end of 11 +2,..., 142+ -+
(n—1) seconds. Determine the set of values &r whichMg, M1, My, ... ,Mp_1
are the vertices of a regulargon (in some order).

2. Find all functionsf : N — N with the following properties:
(i) fis strictly increasing;
(i) f(2n)= f(n)+nforeachneN;
(iii) Wheneverf(n) is a primenis a prime;
3. Show that the numbers2 3,...,1994 can be colored using 4 colors so that no
arithmetic progression of 10 terms has all its members edltite same.

4. A nonisosceles trapeziuABCD with AB || CD andAB > CD possesses an in-
circle with centelt which touche€D atE. LetM be the midpoint oAB and let
MI meetCD atF. Show thaDE = FC if and only if AB = 2CD.

Second Test
May 21

1. Suppose the s€™ is partitioned into three disjoint subsétsB, C satisfying the
conditionsBA = B, B2 = C, BC = A, whereHK stands for the sdthk |h € H k€
K} for any two subsethl, K of Q* andH? stands foHH.

2. Show that all positive rational cubes areAin

3. Find such a partitio@ ™ = AUBUC with the property that for no positive integer
n < 34 are botmandn+ 1in A; that is,

min{neN|neAn+1eA} >34

4. Find the largest integer< 1994 for which 2° divides (%").

5. Show that there are infinitely many polynomiBlgvith integer coefficients such
thatP(0) = 0 andP(x®* — 1) = P(x)2 — 1.

6. Inthe triangleABC, let D, E be points on the sidBC such that/BAD = ZCAE.
If M,N are, respectively, the points of tangency W@ of the incircles of the
trianglesABD andACE, show that
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Third Test
May 25

1. Let ABCD be a convex quadrilateral such that the internal angle tuseof
the four angles of the quadrilateral form a nondegenerateecoquadrilateral
PQRS. Prove that the Euler circles of the triangl@RS, RSP, SPQ, PQR have a
point in common.

2. Suppose tha# is a family ofk-element subsets of &=lement seX such that
each(k — 1)-element subset of is contained precisely in one member.&f.
Show thak + 1 is a prime number.

3. Leta, andby, 1 < k < n, be positive real numbers. Show that

Y@@ a0+ /bbby < /(a1 +b1) (a2 +bp) - -+ (@ + bn).

4. Two distinct real numbera andb are such tha&" — b" is an integer for each
n=1,2,.... Show thata andb are themselves integers.

Fourth Test
May 28

1. In triangleABC with AB = AC, D is the foot of the altitude fror€, E the mid-
point of CD, andF the foot of the perpendicular frodto BE. LetK be the foot
of the perpendicular from to CF. Prove thatrK < %AB.

2. Find all positive integera for which there exists a permutatida;, ay,...,an)
of 1,2,...,nsuch that dividesa; +a,+---+a; foreachi, 1 <i <n.

3. Show that in any sequence of lengthd® n symbolsas,ay, ... ,an there exists
a block in which each symbol occurs an even number (possiily)zimes.
Furthermore, show that this conclusion in not necessatily for a sequence of
length 2 — 1.

4. A person starts at the origin and makes a sequence of mtmrestae real axis
with k-th move being a change afk or —k.

(a) Prove that the person can reach any integer.
(b) If M(n) is the least number of moves required to reach a positivgénte

prove that
1 M(n 3
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Fifth Test
May 29
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1. The incircle of a triangl@BC touches the sideBC,CA AB at D, E,F, respec-
tively. Let P be any point within the incircle and let the segméit BP,CP
meet the incircle at point&,Y, Z, respectively. Prove that the linBs, EY, FZ
concur.

2. Afinite setay,ay, ..., a, of positive integer is calledood if a; divide a; +ap +
---+ap for eachi = 1,...,n. Prove that every finite set of positive integer is
contained in some good set.

3. If a3, ay,...,a, are positive numbers, prove the inequality

M=

N
Jaiay--aj < SZ aj.
=1

J

4. LetN(S) denote the number of subsets of a finite3gte. N(S) = 2/9). Suppose
that A, B, C are finite sets withA| = |B| = 1994 andN(A) + N(B) + N(C) =
N(AUBUC). Determine the minimum positive value AN BNC|. Give an
instance where this minimum is realized.
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