Indian IMO Team Selection Tests 2001

First Test

1. Letx,y,zbe positive numbers. Prove thatifz > xy + yz+ zx, thenxyz > 3(x+
y+2).

2. Two symbolsA and B obey the ruleABBB = B. Given a wordx;xz...Xan:1
consisting ofn lettersA and 21+ 1 lettersB, show that there is a unique cyclic
permutation of this word which reducesBo

3. In a triangleABC with incircle ' and incentet, the segmental,BI,Cl cutl
at D,E,F, respectively. Ray#\l,BI,Cl meet the side8C,CA AB atL,M,N
respectively. Prove that

AL +BM +CN < 3(AD + BE + CF).

When does equality occur?
Second Test

1. For any positive integar, show that there exists a polynomi(x) of degreen
with integer coefficients such thB{0),P(1),...,P(n) are all distinct powers of
2.

2. LetQ(x) be a cubic polynomial with integer coefficients. Suppose éharime
p dividesQ(x;) for j = 1,2,3,4, wherexy, ..., x4 are distinct integers from the
set{0,1,...,p—1}. Prove thaip divides all the coefficients dP(x).

3. Find the number of all unordered pajis, B} of subsets of an 8-element set such
thatANB # 0 and|A| # |B|.

Third Test

1. Given a triangleABC, trianglesAEB and AFC are constructed externally such
thatAE = EB, ZAEB = 2a andAF = FC, ZAFC = 2(3. TriangleBDC is con-
structed externally such thatDBC = 3 andZ/DCB = a.

(a) Prove thaDA is perpendicular t&F.
; Fapti T _ DA
(b) If T is the projection oD on BC, prove that % =EF-

2. Find all functionsf : R™ — R™ satisfyingf (f(x) —x) = 2x for all x > 0.

3. PointsB = By,By,...,By, By 1 = C are chosen on sid8C of a triangleABC in
that order. Ler;j be the inradius of triangléB;Bj,, for j = 1,...,n, andr be
the inradius ofAABC. Show that there is a constahtindependent ofi such
that

A=r)A=r2)-—-(A=ry) =A"1A —r).
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Fourth Test

1. Complex numberg, 3,y have the property that 4+ X+ ¥ is an integer for
every natural numbek. Prove that the polynomidgk — a)(x— 8)(x—y) has
integer coefficients.

2. Letp> 3 be a prime. For eache {1,2,...,p— 1}, definex to be the unique
integer in{1,...,p— 1} such thakx, = 1 (modp) and sekx, = 1+ pny. Prove
that )

p— _
Z kn, = p-1 (mod p).
K=1 2

3. Each vertex of amx n grid is colored blue, green or red in such a way that all

the boundary vertices are red. We say that a unit square afritiés properly
colored if

(i) all the three colors occur at the vertices of the squard, a
(i) one side of the square has the endpoints of the same. color

Show that the number of properly colored squares is even.
Fifth Test

1. Letl be an arc of a circle passing through the vertideendC of a rectangle
ABCD. CircleI'; is tangent to the sideAD and DC andTl", and circlel; is
tangent to the sideAB andBC and[", both"; and[l, lying entirely inside the
rectangleABCD. Letr; be the radius of ; andr be the inradius of\ABC.

(a) Provethaty +rp, =2r.

(b) Show that one of the transverse common tangenfts &ndrl ; is parallel
to AC and has the lengtiAB — BC|.

2. A strictly increasing sequenca,) has the property that g€, an) = ageqmn)
for all mn € N. Supposek is the least positive integer for which there exist
positive integers < k < ssuch tha‘aﬁ = aas. Prove that | kandk | s.

3. LetP(x) be a polynomial of degreewith real coefficients and let > 3. Prove
that

I_P(j)| > 1
oinax, la =PI =
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