22-nd Indian Mathematical Olympiad 2007

1. In atriangleABC with a right angle a€, the median througB bisects the angle
betweerBA and the bisector of B. Prove that < £2 < 3.

2. Leta,b,c be natural numbers araf + b? 4 ¢®> = n. Prove that there exist con-
stantsp;,q;, ri (i = 1,2,3) independent ad, b, ¢ such that
(pra+ qib+r1¢)? + (p2a+ gab + r2c)? + (poa+ gob +roc)? = 9n.

Further, ifa,b,c are not all divisible by 3, show thathSan be expressed as
X2 4+ y? + 7> for some natural numbesxsy, z not divisible by 3.

3. The equatiom® — mx+ n= 0 has real rootsr and, wheremandn are positive
integers. Prove that andf are integers if and only ifma] + [mB] is a perfect
square.

4. Leto = (01,...,0n) be a permutation of 1..,n. A pair of indices(i, j) is an
inversion of g if i < j andg; > gj. How many permutations of,1.,n (n> 3)
have exactly two inversions?

5. In a triangleABC with AB = AC, D is the midpoint oBC, P a point onAD, and
E the orthogonal projection d&? on AC. If AP/PD = BP/PE =A,BD/AD=m
andz=n?(1+A), prove that

Z-(A3-A?-2)z+1=0.
Deduce thaf > 2 with the equality if and only ifANABC is equilateral.

6. If x,y,z are positive numbers, prove the inequality

(X+y+2)%(yz+ DX+ Xy)? < 3y +yz+ 2) (2 + 2+ X2) (% + Xy + YP).
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