14-th Iberoamerican Mathematical Olympiad
La Habana, Cuba, September 11-19, 1999

First Day

1. Find all natural numbers not that are less than 1000 anelthafollowing prop-
erty: the cube of the sum of digits of the number is equal tostipgare of the
number itself.

2. We say that circlé/ bisects circleN if their common chord is a diameter bif.
Consider two non-concentric circl€ andC,.

(a) Prove that there exist infinitely many circBshat bisect boti; andC,.
(b) Find the locus of the centers of such cirdies

3. On aline in the plane are given> 2 distinct pointsP;, P, ..., P,. Each of the
circles with the diamete8P; (1 <i,j < n) is colored in one ok given colors.
We call such a configuration gn, k)-cloud.

For each positive integds, determine alh with the property that everyn, k)-
cloud contains two externally tangent circles of the santerco

Second Day

4. LetBbe an integer greater than 10 consisting of digi% 7,9. Show thaB has
a prime divisor not smaller than 11.

5. An acute-angled triangl&BC is inscribed in a circle with cente®. Let
AD, BE,CF be its altitudes. The linEF intersects the circle & andQ.

(a) Prove thaOA is perpendicular t&Q.
(b) Prove that i is the midpoint o8C, thenAP? = 2AD - OM.

6. LetA andB be given points in the plane a@lbe a point on the perpendicular
bisector ofAB. The sequenc€; = C,C,,Cs, ... of points is defined as follows:
if Cy is not on the segmem{B, thenC,, 1 is the circumcenter of triangl&BC;,.
Find all the positions of for whichC, is defined for alh and is periodic starting
with some term.
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