20-th Iberoamerican Mathematical Olympiad
September 27-28, 2005

First Day

1. Determine all triple$x,y, z) of real numbers such that
yz = 8
Xy+yz+72x = 73
X(y—2?+y(z—x?+2zx-y)> = 98

2. Aflea jumps in a straight line. It jumps first from point O toipt 1. Afterwards,
if its last jump was frona to b, then the next jump is frorh to one of the points
b+(b—a)—1,b+(b—a),b+(b—a)+1.

Prove that if the flea arrived twice at the poirthen it performed at lea$g./n|
jumps.

3. Letp > 3 be a prime number such that
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for some relatively prime integera andn. Prove thah is divisible by p°.
Second Day

4. Letamodb denote the remainder efwhen divided byb. Determine all pairs
(a, p) of positive integers such thatis prime and

amodp-+amod(2p) +amod(3p) +amod(4p) =a+ p.

5. LetO be the circumcenter of the acute-angled triaB€, and letA; be a point
on the smaller ar8C of the circumcircle of AABC. Denote byA; andAz on
the sidesABC andAC, respectively, such thatBA; Ay = ZOAC andZCA1A3 =
/OAB. Prove that the lind,A3 passes through the orthocenter©ABC.

6. Letn be a positive integer. The poinfg, Ay, ..., A, line on a line. Each of
the points is colored in blue or red according to the follogyomocedure: Drava
pairwise disjoint circles each with diamet®A; for some pairsi, j) with i # j
and such that every of the poinfd\;,...,Axn} belongs to exactly one of the
circles. Points on the same circle are colored by the sanwe. col

Determine the number of such colorings as we vary the cianeisthe distribu-
tions of colors.
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