18-th Iberoamerican Mathematical Olympiad
Mar del Plata, Argentina, September 2003

First Day — September 16

1. We are given two sequences of 2003 consecutive integeins &ad a board with
2 rows and 2003 columns. Is it always possible to arrangeuhgers from the
first sequence in the first row and those from the second sequeithe second
row of the board in such a way that the sums of entries by cofuimmm a new
sequence of 2003 consecutive integers?

2. LetC andD be points on the semicircle with diame#&B such thatB andC
are on different sides oAD. Denote byM,N, P the midpoints ofAC, DB,CD,
respectively. IfOp andOg are the circumcenters of the trianglsSPandBDP,
show that the line®,0g andMN are parallel.

3. Pablo copied the following problem:

e Consider all sequenceso, X, ...,%2003) Of real numbers such thap =
1, 0<x1 < 2%, 0 < %2 < 2Xg, ..., 0< X003 < 2X20022 Among all such
sequences, find those that minimize the valug of - - -.

Unfortunately, on the place where he wrote the expressios fbe ink stained
and all he could see was tHahad the form

S=4X; =X £ -+ -+ Xo002+ X2003

Prove that Pablo can give a complete solution despite natigothe complete
formulation.

Second Day — September 17

4. Given the seM = {1,2,...,49}, find the maximum integek for which there
exists ak-element subset d¥l containing no six consecutive numbers. For this
value ofk, find the number ok-element subsets &fl with the mentioned prop-
erty.

5. In a squardBCD, P andQ are points on sideBC andCD respectively, distinct
from their endpoints, such thBP = CQ. Let X andY be arbitrary points on the
segment®P andAQ, respectively. Show that there always exists a trianglh wit
the sides congruent X, XY, andDY.

6. The sequencésy,), (by) are defined byy =1, by =4 and

2001

ani1 = a2 2001

+bn, b= +a, forn>0.

Prove that no term of any of these sequences is a multiple@3.20
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