23-rd International Mathematical Olympiad
Budapest, Hungary, July 5-14, 1982

First Day — July 9

1. The functionf (n) is defined for all positive integersand takes on nonnegative
integer values. Also, for ath, n,

f(m+n)—f(m—f(n)=0 or 1;
f(2)=0, f(3)>0, and f(9999 = 3333
Determinef (1982). (Great Britain)

2. A nonisosceles trianghs; AyAz is given with sides, a, a3 (a is the side oppo-
site toA;). For alli = 1,23, M; is the midpoint of sidey, T; is the point where
the incircle touches sida, and the reflection of; in the interior bisector of
yields the point§. Prove that the line®;:S;, M>S,, andM3S; are (@detbertantls)

3. Consider the infinite sequences,} of positive real numbers such thef = 1
and foralli > 0, %11 < X;.

(a) Prove that for every such sequence there is arl such that
2 2 x2
0%, 45153999
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(b) Find such a sequence for Whu);;ﬂ + X—l 4+ 4L < 4foralln.
10X

Xn . .
(Soviet Union)

Second Day — July 10

4. Prove that ifh is a positive integer such that the equatidn- 3xy> +y® = n has
a solution in integersx,y), then it has at least three such solutions. Show that
the equation has no solution in integers winea 2891.
(Great Britain)

5. The diagonal#\C andCE of the regular hexagoABCDEF are divided by the
. . . AM CN N
inner pomtsl\/llandN, respectively, so thaJAE =CE"— r. Determing if B, M,
andN are collinear. (Netherlands)

6. LetSbe a square with sides of length 100 andldte a path withirSthat does
not meet itself and that is composed of linear segmAgtg, A1 Ay, ..., An_1An
with Ag # An. Suppose that for every poiRtof the boundary oSthere is a point
of L at a distance fron® not greater thar%. Prove that there are two points
andY in L such that the distance betweX¥randY is not greater than 1 and the
length of the part of that lies betweeiX andY is not smaller than J®@tnam)
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