12-th Hungary—Israel Binational Mathematical Competitio
2001

First Day

1. Find positive integens y, z such thak > z> 1999 2000 2001> y and 2008 +
y? = 20017

2. PointsA,B,C,D lie on a linel, in that order. Find the locus of poingin the
plane for which/APB = ZCPD.

3. Find all continuous functions: R — R such that for alk € R,

£(f(x)) = f(X)+x.

Second Day

4. LetP(x) = x> — 3x+ 1. Find the polynomiaQ whose roots are the fifth powers
of the roots ofP.

5. In a triangleABC, B; andC; are the midpoints oAC andAB respectively, andl
is the incenter. The lineB;1 andC;| meetAB andAC respectively aC, andBs;.
If the areas ofAABC and AAB,C, are equal, find/BAC.

6. Let be given 32 positive integers with the sum 120, nonelatkvis greater than
60. Prove that these integers can be divided into two disfibsets with the
same sum of elements.

Team competition

HereG, denotes a simple undirected graph witkertices K, denotes the complete
graph withn vertices Kn m the complete bipartite graph whose components hasad
n vertices, andC, a circuit with n vertices. The number of edges in the graghis
denotede(Gp).

1. The edges &, (n > 3) are colored witn colors, and every color is used. Show
that there is a triangle whose sides have different colors.

2
n . .
2. If n>5 ande(Gp) > 7 + 2, prove thatG, contains two triangles that share

exactly one vertex.

3. If &(Gn) > _n\z/ﬁ. + 2 prove thaiG, containCy.
4. (a) IfGp does not contaily 3, prove thae(Gp) < _n\/\/; +n.
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(b) Givenn > 16 distinct point$, ..., P, in the plane, prove that at mast/n
of the segmentB P; have unit length.

5. (a) Letpbe a prime. Consider the graph whose vertices are the orggaed
(x,y) with x,y € {0,1,...,p— 1} and whose edges join verticésy) and
(X,y') if and only if xX +yy = 1 (modp). Prove that this graph does not
containCy.

(b) Prove that for infinitely many valuasthere is a graplG, with e(Gp) >

nyn

— - n that does not contai@y.
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