
36-th German Mathematical Olympiad 1997

4-th Round – Essen, May 4–7

Grade 10

First Day

1. In a 4× n set of playing cards,n cards are colored in each of 4 given colors.
One noticed that the probability that 5 randomly chosen cards will have the same
color increases asn increases: namely, forn = 8 this probability is 0.1112%,
whereas forn = 13 the probability is 0.1981%. Is there a positive integern for
which this probability is as large as 0.5%?

2. Consider 100 rational numbersQi = ai/bi, not all equal, whereai,bi are positive

integers. Show that
a1 + a2+ · · ·+ an

b1 + b2+ · · ·+ bn
is greater than the mimimum ofQi, and

smaller than the maximum ofQi.

3. Let ABCD be a trapezoid withAB ‖ CD andAB = 2CD. The diagonalsAC and
BD intersect atS. A variable lineg throughS divides the trapezoid into two
pieces of areasF1,F2, whereF1 > F2.

(a) Prove that the ratiov = F1/F2 attains its maximum value for exactly one
line g.

(b) Compute the maximum value ofv.

Second Day

4. Consider a table 4×4 whose cells are filled with numbers 1,2, . . . ,16 in the usual
way. Let us delete eight numbers from the table in such a way that from each row
or column exactly two numbers are deleted. Prove that the sumof the remaining
numbers is independent on the selection of numbers to be deleted.

5. Prove that for an arbirrary positive integern there is a positive integerz divisible
by n which has exactly two different digits in the decimal representation.

6. At each vertex of a squareABCD, a quarter-circle is centered so that it passes
through two other vertices of the square. These four quarter-circles intersect
each other at pointsE,F,G,H inside the square. The pointsE,F,G,H form a
smaller squareQ. Also, pointsE,F,G,H determine arcs on the quarter circles
which form a curved quadrilateralV . Finally, a circleK is inscribed inV ,
touching all its ”sides”. Check if the areas ofQ andK are equal, and if they are
different, decide which one is greater.
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Grades 11-13

First Day

1. Prove that there are no perfect squaresa,b,c such thatab−bc = a.

2. For a positive integerk, let us denote byu(k) the greatest odd divisor ofk. Prove
that, for eachn ∈ N,

1
2n ∑k = 12n u(k)

k
>

2
3
.

3. In a convex quadrilateralABCD we are given that

∠CBD = 10◦, ∠CAD = 20◦, ∠ABD = 40◦, ∠BAC = 50◦.

Determine the angles∠BCD and∠ADC.

Second Day

4. Find all real solutions(x,y,z) of the system of equations

x3 = 2y−1,
y3 = 2z−1,
z3 = 2x−1.

5. We are givenn discs in a plane, possibly overlapping, whose union has the area
1. Prove that we can choose some of them which are mutually disjoint and have
the total area greater than 1/9.

6A. Let us definef andg by

f (x) = x5 +5x4+5x3+5x2+1,
g(x) = x5 +5x4+3x3−5x2−1.

Determine all prime numbersp such that, for at least one integerx, 0≤ x < p−1,
both f (x) and g(x) are divisible byp. For each suchp, find all x with this
property.

6B. An approximate construction of a regular pentagon goes as follows. Inscribe an
arbitrary convex pentagonP1P2P3P4P5 in a circle. Now choose an arror bound
ε > 0 and apply the following procedure.

(a) DenoteP0 = P5 andP6 = P1 and construct the midpointQi of the circular
arcPi−1Pi+1 containingPi.

(b) Rename the verticesQ1, . . . ,Q5 asP1, . . . ,P5.

(c) Repeat this procedure until the difference between the lengths of the longest
and the shortest among the arcsPiPi+1 is less thanε.

Prove this procedure must end in a finite time for any choice ofε and the points
Pi.
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