French IMO Selection Test 2006

First Day

1. A squareABCD is inscribed in circld". Let M be a point on the shorter a@D.
Line AM meetsBD andCD respectively aP andR, and lineBM meetsAC and
CD respectively a@Q andS. Prove thaPSandQR are perpendicular.

2. If positive numbers, b, ¢ satisfyabc = 1, prove the inequality

a n b n C >§
(a+1)(b+1) (b+1)(c+1) (c+1)(a+1) 4

and find the cases of equality.

3. Suppose that, b are positive integers such tHalt+ n is a multiple ofa” + n for
allne N. Prove thaa=b.

Second Day

4, Positive numbers are written in the cells of a @ table so that in each of the
columns the sum of two numbers s 1. Prove that one can eraseusnber from
each column in such a way that the sum of the remaining nunibeither row
is at most?L.

5. In a triangleABC with AC + BC = 3AB, the incircle with centel touchesBC at
D andCA atE. LetK andL be the points symmetric t© andE with respect to
I. Prove that the pointa, B,K, L lie on a circle.

6. The seM = {1,2,...,3n} is partitioned into three subsetsB, C of cardinality
n. Show that there exist numbeagh, ¢ in three different subsets such tleat
b+c.
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