French IMO Selection Test 2005

First Day
1. Suppose that positive integerandy satify 3 + x = 4y? +y. Prove thak —y
is a perfect square.

2. Two rectangular triangles of respective ar&eand S are given such that the
incircle of the first is congruent to the circumcircle of tleeend. Prove that

S
2 >342/2
g2 +2v2

3. Atan international conference with> 3 participants, 14 languages are spoken.
Itis known that:

(i) every three participants speak one language in common,;
(i) eachlanguage is spoken by at most half the participants

What is the smallest possible valuertf
Second Day

4. LetX be a nonempty set of natural numbers. Suppose that farak
4xe X and [VX €X.

Show thatX = N.

5. In a triangleABC with BC = AC + %AB, P is a point on sidéAB such thatAP =
3PB. Prove that/PAC = 2/CPA.

6. LetP(x) = apX" +a, 1X" 1 +--- +ap be a polynomial of degree > 5 with
integer coefficients. Suppose thathasn distinct integer roots @, ..., an.
Find all integerk such thaP(P(k)) = 0.
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