French IMO Selection Test 2002

First Day

1. In an acute-angled trianghBC, A; andB; are the feet of the altitudes fro
andB respectively, an#l is the midpoint ofAB.

(a) Prove thaMA; is tangent to the circumcircle of trianghgB;C.
(b) Prove that the circumcircles of trianglagB;C;, BMA;, andAMB; have a
common point.

2. Consider the s&d of integersk which are products of four distinct primes. Such
an integek = p1p2p3p4 has 16 positive divisors£ d; < dp < --- < di5 < dig=
n. Find all elements o8 less than 2002 such thdg — dg = 22.

3. Letnbe a positive integer and &y, ay, . .., a2,) be a permutation of 2,...,2n
such that the numbefs; ;1 — &| are pairwise distinct for=1,...,2n— 1.

(a) Provethatiby,aq,...,axn are inthe sefl, ..., n}, thena; —agh =n.
(b) Prove the converse.

Second Day

4. There are three countries anagnathematicians in each of them. Suppose that
every mathematician knows at least- 1 mathematicians from the other two
countries. Prove that there exist three mathematiciansknbe each other.

5. Inanon-equilateral trianglBC, | is the incenter an@® the circumcenter. Prove
that ZAIO < 9(¢ if and only if 2BC < AB+ AC.

6. Let p > 3 be a prime number. Show that there expstpositive integers
a1,8,...,ap Not exceeding @ such that the@ sumsa +aj (i < j) are
all distinct.
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