French IMO Selection Test 2000

May 31, 2000

1. Four pointsP,Q,R, S lie on a circle and/PSR is right. LetH andK be the
projections ofQ on the linesPR andPS, respectively. Prove that the lingéK
bisects the segme@S.

2. Afunctionf : N — N satisfies the following conditions:
(a) f(ab)= f(a)f(b) for any two coprime positive integeasb;
(b) f(p+4q)=f(p)+ f(q) for any two primesp anda.
Prove thatf (2) = 2, f(3) = 3, andf (1999 = 1999.
3. Leta,b,c,d be four positive numbers with the sum 1. Prove that
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with the equality ifandonlyii=b=c=d = %1.

4. Some squares of a 19991999 board are occupied by pawns. Find the smallest
number of pawns for which it is possible that, for each empjyase, the total
number of pawns in the row or column with this square is att|&899.

5. Prove that ifA,B,C, D are points on a circle (in this order), then

|AB—CD|+|AD — BC| > 2|AC—BD|.

6. Find all nonnegative integer solutiofisy,z) of the equation(x + 1)Y+1 +1 =
(x+2)7+1,
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