French Mathematical Olympiad 1997

Time: 5 hours.

1. Each vertex of a regular 1997-gon is labeled with an intege that the sum
of the integers is 1. We write down the sums of the #rsitegers read counter-
clockwise, starting from some vertak£1,2,...,1997). Can we always choose
the starting vertex so that all these sums are positive ?slfly@v many possible
choices are there?

2. A region in space is determined by a sphere with ce@tand radiusR, and a
cone with vertexO which intersects the sphere in a circle of radiug-ind the
maximum volume of a cylinder contained in this region, hagwime same axis as
the cone.

3. LetC be a unit cube and lgt denote the orthogonal projection onto the plane.
Find the maximum area gf(C).

4. InatriangleABC, leta, b, c be its sides anth, n, p be the corresponding medians.
For everya > 0, letA (a) be the real number such that

a”+b%+c” =A(a)*(m* +n+ p%).

(a) Computel (2).
(b) Find the limit ofA (a) asa approaches 0.
(c) For which triangle\BC is A (a) independent o&r?
5. Given two distinct pointé\, B in the plane, for each poi@ not on the lineAB
we denote bys andl the centroid and incenter of the triandiBC, respectively.
(&) For O< o < m, let ' be the set of point€ in the plane such that

_— . .
/ (CA, CB) = o + 2krras an oriented angle, wheke Z. If C describe§,

show that point$s andl also describe arcs of circles, and determine these
circles.

(b) Suppose that in additiom/3 < a < 1. For which positions o€ in T is Gl
minimal?

(c) Letf(a) denote the minimaBl from the part (b). Givef (a) explicitly in
terms ofa= AB anda. Find the miminum value of (a) for a € (11/3, m).
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