French Mathematical Olympiad 1992

Time: 5 hours.

1. LetA be a convex figure in a plan#. Given a poinA € 2, to each pai{M,N)
—_—

of points inA we associate the poimh € &2 such thatAm = W/Z and denote
by da(A) the set of all so obtained points

(a) i. Prove thada(4) is centrally symmetric.
ii. Under which conditions i9a(A) = A?
iii. Let B,C be points inZ. Find a transformation which sendg(A) to
& (B).
(b) Determineda(4) if
i. Ais asetin the plane determined by two parallel lines.
ii. Aisbounded by a triangle.
iii. Aisasemi-disk.
(c) Prove that in the casds? andb.3 the lengths of the boundaries &fand
on(A) are equal.
2. Let% be acircle of radius 1.
(a) Determine the triangle&BC inscribed in% for which AB2 + BC? + CA? is
maximal.
(b) Determine the quadrilatera#8CD inscribed in% for which AB2 + AC2 +
AD? + BC? + BD? +CD? is maximal.

3. LetABCD be a tetrahedron inscribed in a sphere with ce®eandG and| be
its barycenter and incenter respectively. Prove that thefng are equivalent:
(i) PointsO andG coincide.
(i) The four faces of the terahedron are congruent.
(iif) Points O andl coincide.

4. Givenup,u; with 0 < up,u; < 1, define the sequender,) recurrently by the
formula

1
Uni2 =3 (v/Unt1++/Un).

(a) Prove that the sequenggis convergent and find its limit.
(b) Prove that, starting from some indey the sequence, is monotonous.
992

5. Determine the number of digits 1 in the integer par 37
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