French Mathematical Olympiad 1991

Time: 5 hours.

=

(a) Suppose that (n > 0) is a sequence of real numbers with the property that
X435+ 43 = (Xo+ X1+ -+ Xn)? for eachn € N. Prove that for each
m(m+1)
2
(b) For natural numbensandp, we defineS, , = 1P+ 2P+ .- 4+ nP. Find all

natural numberg such thats, p is a perfect square for eache N.

n € Np there existsn € Ng such thatg + Xy + -+ +Xq =

2. For eachn € N, the functionf, is defined on real numbexrs> n by

f(X) = VX—N+VX—n+ 1+ +VX+n—(2n+1)V/n.

(a) Ifnis fixed, prove that lim, e fn(X) = 0.
(b) Find the limit of f,(n) asn — +co.
3. LetShe a fixed point on a sphekewith centerQ. Consider all tetrahedi@ABC
inscribed inZ such thatSA, SB, SC are pairwise orthogonal.
(a) Prove that all the plan&sBC pass through a single point.

(b) In one such tetrahedroH,andO are the orthogonal projections 82ndQ
onto the plan@BC, respectively. LeR denote the circumradius @£ ABC.
Prove thaR% = OH?2 +2SH?2.

4. Letp be a nonnegative integer and tet= 2P. Consider all subset of the set
{1,2,...,n} with the property that, wheneverc A, 2x ¢ A. Find the maximum
number of elements that such a satan have.

o

(a) For given complex numbesgs, az,as, a4, we define a functio : C —
CbyP(2) = 2+ ayZ + a3Z + a2 + a1z Let wy = e7/5, wherek =
0,...,4. Prove that

P(wo) + P(wi1) + P(W2) + P(ws) + P(ws) = 5.

(b) LetA1,Az, A3, A4, As be five points in the plane. A pentagon is inscribed in
the circle with centeA; and radiudR. Prove that there is a vert&of the
pentagon for which

SA; - SAx- SAg- SAs- SAs > R
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