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Preliminary Part

(a) LetM be a point in the plane of a triangleABC. Prove that

−→
MA ·

−→
BC+

−→
MB ·

−→
CA+

−→
MC ·

−→
AB = 0.

Deduce that the altitudes of triangleABC are concurrent at a pointH, called
the orthocenter.

(b) Let Ω be the circumcenter of triangleABC andH be the point given by
−−→
ΩH =

−→
ΩA+

−→
ΩB+

−→
ΩC. Show thatH is the orthocenter of△ABC.

For every setX of points in the plane, we denote byH (X) the set of orthocenters
of all triangles with the vertices inX . We call a planar setX orthocentric if it does not
contain any line and contains the entireH (X).

Part 1.

(a) Find all orthocentric sets of three points.

(b) Find all orthocentric sets of four points.

(c) LetX be a set of four points on a circle and letY = H (X).

i. Prove thatY is the image ofX under an isometry.
ii. DetermineH (Y ).

(d) i. If Γ is a nondegenerate circle, determineH (Γ).
ii. If D is a nondegenerate disc, determineH (D).

Part 2. In this part,R is a positive number,n an integer not smaller than 2, andX
the set of vertices of a regular 2n-gon inscribed in the circle with centerO and
radiusR. Consider the setT of triangles with the vertices inX . An element of
T is chosen at random.

(a) What is the probability of choosing a right-angled triangle?

(b) What is the probability of choosing an acute triangle?

(c) Let L be the squared distance fromO to the orthocenter of the chosen tri-
angle. Find the expected value ofL.

Part 3.

(a) Leta,b,c be real numbers witha(b−c) 6= 0 andA,B,C be the points(0,a),
(b,0), (c,0), respectively. Compute the coordinates of the orthocenterD of
△ABC.

(b) Let X be the union of a line∆ and a pointM outside∆. DetermineH (X).
Prove thatH (X)∪X is an orthocentric set.
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www.imomath.com



(c) Let X be an orthocentric set contained in the union of the coordinate axes
x andy and containing at least three points distinct fromO.

i. Show thatX contains at least three points on axisy with nonzerox-
coordinates of the same sign.

ii. Show thatX contains at least three points on axisy with positivex-
coordinates.

(d) i. Find all finite orthocentric sets of at most five points contained in the
union of the axesx andy.

ii. Let X be an orthocentric set contained in the union of the axesx and
y and consisting of at least six points. Prove that there existtwo se-
quences(xn), (x′n) of nonzero real numbers such that, for eachn, the
points(xn,0) and(x′n,0) are inX , and

lim
n→∞

xn = ∞, lim
n→∞

x′n = 0.

Can the setX be finite?

Part 4. In this part we are concerned with constructing some remarkable orthocentric
sets.

(a) Letk be a nonzero real number andY be the hyperbolaxy = k.

i. Let A,B,C,D be distinct points ofY , with the respective abscises
a,b,c,d. Prove thatAB andCD are orthogonal if and only ifabcd =
−k2.

ii. With the above notation, find the orthocenter of triangleABC.

iii. Prove thatY is orthocentric.

Throughout this part,q denotes a nonzero integer andX the set of points(x,y)
satisfyingx2 + qxy− y2 = 1.

(a) i. Prove that the equationt2−qt−1 has two distinct real roots and show
that these roots are irrational

Throughout this part,r andr′ denote these roots ands the similitude defined
by z 7→ (1− ri)z in terms of complex numbers.

i. Prove thats(X) is the hyperbola given byxy = k for some realk, and
find k. Deduce thatX is an orthocentric set.

(b) Let G be the set of integer points ofX andΓ be the set ofx-coordinates of
the elements ofs(G).

i. Show thatΓ is the set of numbers of the formx + ry, wherex,y are
integers and(x + ry)(x + r′y) = 1.

ii. Show that−1∈ Γ andr2 ∈ Γ.
iii. Prove that a product of two elements ofΓ and the inverse of an element

of Γ are inΓ. Show thatΓ is infinite.

(c) Conclude that the setG of integer points ofX is an infinite orthocentric set.
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Part 5. Denote byY1 the hyperbola given byxy = 1 and byY0 the union of the
coordinate axes. You may use the following result:

- Given pointsA,B,C,D in the plane, there exists a similitudes such that
s(A),s(B),s(C),s(D) all lie onY1 or all lie onY0.

Let A0,B0,C0,D0 be four points, no three collinear, and letX0 = {A0,B0,C0,D0}.
Define recurrentlyXn+1 = H (Xn) for n ≥ 0. Suppose that there existsn > 0 for
which Xn = X0 and denote bym the smallest suchn.

(a) Prove thatm = 1 or m = 2.

(b) Find the setsX0 for which m = 1 and those for whichm = 2.
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