46-th Estonian Mathematical Olympiad 1999

Final Round — Tartu, March 11, 1999
Time allowed: 5 hours.

Grade 1l

4mn

1. Find all pairs of integerém, n) such thafm—n) ——

X2
1+ x2’
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3. LetABC be a given triangle. Prove that a poibn the lineAB satisfies

2. If f(x) = evaluate

— = == —= — —
XA-XB+XC-XC=CA-CB
if and only if X is the midpoint ofAB or the feet of the altitude froi@.

4. Forwhichn can a sidewall witm equal
stairs (the picture shows the case 6) El
be tiled with tiles shown? A stair has
the shape of a square of side 10dm, and
a tile consists of three such squares.

5. On the fieldsal,a2,...,a8 of a chessboard are plt, 2%, ..., 27 kernels of oat,
onb8,b7,....blareput8 2°... 21%kernels, orcl,...,c8- 216 ... 223 kernels,
and so on (thus® kernels are put oh1). A knight (horse in Estonian) starts
moving on the chessboard from some field. Whenever it jumpsctrtain field,
it eats all the kernels of oat found on that field and continnesing, but then
on that field the same number of kernels of oat grow again.rAfime time, the
knight returns to the initial field (and eats the oat therehve that the number
of kernels of oat eaten is divisible by 3.

Grade 12

1. Leta,b,c,d be nonnegative integers. Prove that the numb&f& @nd Z7¢ give
the same remainder when divided by 15 if and only if the numB%° and 35¢
give the same remainder when divided by 16.

1
2. Evaluate the integra/ In (x+ 1+x2) dx.
J-1

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



3. Showthatin an acute-angled triangle the line joiningtttikocenter and centroid
is parallel to the linéAB if and only if tan/A-tan/B = 3.

4. Some checkers are arranged on the squares a8 chessboard so that the
number of checkers in each row and each column is odd. Pravéh number
of checkers on the black squares is even.

5. Numbers 01,...,9 are arbitrarily arranged around a circle. Prove that:

(a) there exist three consecutive numbers whose sum issatllBa

(b) there needn't exist three consecutive numbers whoseisgreater than
15.
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