55-th Czech and Slovak Mathematical Olympiad 2006

Third Round — Litoméfice, March 26—-29, 2006
Category A

1. The sequencd@,),,_, of positive integers satisfies, 1 = an+ b, for eachn > 1,
whereb,, is obtained frome, by reversing its digits (hnumbéds, may start with
zeros). For instancey = 170 yieldsa, = 241,a3 = 383,a4 = 766, etc. Decide
whethera; can be a prime number. (P. Novotry)

2. Letmandn be natural numbers for which the equation
(X+m)(X+n)=x+m+n

has at least one integer solution. Show t%lai <2 (J. Sim3a)

3. In a non-equilateral triangleBC, the angle bisectors &t andB meet the oppo-
site sides aK andL, respectively. Moreovegis the incenterQ the circumcen-
ter, andv the orthocenter of the triangle. Prove that the followireggestnents are
equivalent:

(a) LineKL istangentto the circumcircles of the trianghdsS BV S andBK S
(b) PointsA,B,K,L,O lie on a circle. (T. Jurik)

4. SegmenAB is given on the plane. Find the locus of poi@t®n the plane for
which pointsA, B, orthocente¥, and incente§ of triangleABClie o(uaé)wé&()

5. Find all triples(p, g, r) of distinct prime numbers having the following property:
plg+r, dfr+2p, r|p+3q. (M. Parék)

6. Solve in the real numbers the following system:

tar’x+2cof2y =1,
tarfy+ 2cof2z=1,

tarfz+2cot 2x = 1. (3. Svitek, P. Cahbek)
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