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Category A

1. Letn be a natural number. Prove that the number 4· 32n
+ 3 · 42n

is divisible by
13 if and only ifn is even. (J. Šimša)

2. Let be given an isosceles triangleABC with the baseAB. A point P is chosen
on the altitudeCD so that the incircles ofABPandPECF are congruent, where
E andF are the intersections ofAP andBP with the opposite sides of the tri-
angle, respectively. Prove that the incircles of trianglesADP andBCPare also
congruent. (J. Šimša, K. Hoŕak)

3. In the plane are given 2000 congruent triangles of area 1, which are all images
of one triangle under translations. Each of these trianglescontains the centroid
of every other triangle. Prove that the union of these triangles has area less than
22
9

. (P. Caĺabek)

4. For which quadratic polynomialsf (x) does there exist a quadratic polynomial
g(x) such that the equationsg( f (x)) = 0 and f (x)g(x) = 0 have the same roots,
which are mutually distinct and form an arithmetic progression? (P. Černek)

5. Monika made a paper model of a tetrahedron whose base is a right-angled trian-
gle. When she cut the model along the legs of the base and the median of a lateral
face corresponding to one of the legs, she obtained a square of sidea. Compute
the volume of the tetrahedron. (P. Leischner)

6. Find all four-digit numbersabcd(in decimal system) such that

abcd= (ac+1)
(

bd+1
)

. (J. Zhouf)
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