7-th Croatian National Mathematical Competition 1998

High School
Kraljevica, May 7-10, 1998

1-st Grade

1. Which number is greater:

B 2.00...04 B 2.00...02
~ 1.00...04212.00...04 ~ 1.00...022+2.00...02'

where each of the numbers above contains 1998 zeros?

2. Find all positive integer solutions of the equatior{rh@- n) = mn.

3. lvan and Kre5o started to travel from Crikvenica to Keaifa, whose distance is
15 km, and at the same time Marko started from Kraljevica fkv@nica. Each
of them can go either walking with the speed of 5 km/h, or bydtlie with the
speed of 15 km/h. lvan started walking, and KreSo was dyiarbicycle until
meeting Marko. Then KreSo gave the bicycle to Marko andinoed walking to
Kraljevica, while Marko continued to Crikvenica by bycicl/hen Marko met
Ivan, he gave him the bicycle and continued by foot, so Ivamexd to Kraljevica
by bicycle. Find, for each of them, the time he spent in tragalvell as the time
spent in walking.

4. Let be given a regular hexagon of side length 1. Six cingl#¢is the sides of the
hexagon as diameters are drawn. Find the area of the par dfetkagon lying
outside all the circles.

2-nd Grade

1. Solve the equation?2 — (5+ 6i)Z% + 9iz+ 1 — 3i = 0, knowing that one of the
solutions is real.

2. If a,b are nonnegative real numbers, prove the inequality

a+vazb+vab?+b _ a++vab+b
4 = 3 '

3. PointsE andF are chosen on the sidAB andBC respectively of a squarsBCD
such thaBE = BF. Let BN be an altitude of the trianglBCE. Prove that the
triangleDNF is right-angled.

4. For natural numbers,n, seta= (n+1)™—nandb= (n+1)™3—n,

(a) Prove thahd andb are coprime ifmis not divisible by 3.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



(b) Find all numbersn, n for whicha andb are not coprime.
3-rd Grade

1. Leta,b,cbe the sides and, 3, y be the corresponding angles of a triangle. Prove
the equality

b ¢ c a a b
(E+5)C°S‘”(a+e)°°sﬁ+(5*5)0"”:3-

2. A hemisphere is inscribed in a cone so that its base lieh@base of the cone.
The ratio of the area of the entire surface of the cone to the @irthe hemisphere
(without the base) is 1&. Compute the angle at the vertex of the cone.

. . —_— =
3. LetAA;,BB;,CC; be the altitudes of a triangBC. If AA; + BB; +CCy =0,
prove that the triangl@&BC is equilateral.

4. Prove that among any 79 consecutive natural numbers #x&ts one whose
sum of digits is divisible by 13. Find a sequence of 78 conseenatural num-
bers for which the above statement fails.

4-th Grade

1. Let be given a parabol® = 4ax in the coordinate plane. Consider all chords
of the parabola that are visible at a right angle from theiorig the coordinate
system. Prove that all these chords pass through a fixed point

2. Leta andm be positive integers ang be an odd prime number such thgt |
a—1andp™?!ta— 1. Prove that

(@) p™"|aP" —1forallneN, and
(b) p™t1raP” —1forallneN.

3. LetA={1,2,...,2n} andlet the functiog: A — A be defined bg(k) = 2n—k+
1. Does there exist a function: A — A such thatf (k) # g(k) andf (f(f(k))) =
g(k) forall k € A, if (a) n=999; (b)n=10007?

4. Eight bulbs are arranged on a circle. In every step we partbe following
operation: We simultaneously switch off all those bulbs sdtwo neighboring
bulbs are in different states, and switch on the other bullyeve that after at
most four steps all the bulbs will be switched on.
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