13-th Croatian National Mathematical Competition 2004

High School
Trogir, May 5-8, 2004

1-st Grade

1. Find all real solutions of the system of equations

X—y? = 2(xz4+yz+x+y),
V=7 = 2(yx+2x+y+2)
Z-x = 2zy+xy+z+Xx).

2. Prove that the medians from the vertiéeandB of a triangleABC are orthogonal
if and only if BC? + AC? = 5AB.

3. Prove that for any three real numbgrg, z the following inequality holds:
X[+ Y+ 12 = [x+y[ = ly+2 = [z+X + [x+y+2 > 0.

4. The sequence, 2,3,4,0,9,6,9,4,8,7,... is formed so that each term, starting
from the fifth, is the units digit of the sum of the previousifou

(a) Do the digits 20,0,4 occur in the sequence in this order?
(b) Will the initial digits 1,2, 3,4 ever occur again in this order?

2-nd Grade

1. Parts of a pentagon have areagz as
on the picture. Given the area find
the areay andz and the area of the en-
tire pentagon.

2. If a,b,c are positive numbers, prove the inequality
a? N b? N c? .3
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) ~ 4"

3. The sequend@n)nen is defined byp; = 2 and, fom > 2, py, is the largest prime
factor of py1p2--- pn_1+ 1. Show thatp, # 5 for all n.

4. A frog jumps on the coordinate lattice, starting from pdih 1), according to
the following rules:

(i) From point(a,b) the frog can jump to eithg2a, b) or (a,2b);
(i) If a> b, the frog can also jump frorta,b) to (a— b,b), while fora< bit
can jump from(a,b) to (a,b—a).

Can the frog get to the point: (824,40); (b) (40,60); (c) (24,60); (d) (200,4)?
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3-rd Grade

1. LetABCD be a square and be a point on the shorter af® of the circumcircle
of the square. Which values can the expresgigfEr take?

2. If a,b,c are the sides and, 3,y the corresponding angles of a triangle, prove

the inequality
cosa cosf3 cosy 3
a3 b3 + ¢ ~ 2abc’

3. The altitudes of a tetrahedron meet at a single point. é>tloat this point, the
centroid of one face of the tetrahedron, the foot of thewalton that face, and
the three points dividing the other three altitudes in ratid (closer to the feet)
all lie on a sphere.

4. Finitely many cells of an infinite square board are coldredk. Prove that one
can choose finitely many squares in the plane of the boardasdhé following
conditions are satisfied:

(i) The interiors of any two different squares are disjoint;
(i) Each black cell lies in one of these squares;

(iii) In each of these squares, the black cells cover at [B&4sand at most A5
of the area of that square.

4-th Grade

1. Letz,...,zy andwy,...,w, (n € N) be complex numbers such that
|€121+ -+ - + &nzn| < |E1WL + - - - + EnW|
holds for every choice ofy, ..., &, € {—1,1}. Prove that
212+ (20l < w4 w2
2. PointsP andQ inside a triangleABC with the sides, b, c and the corresponding

anglesa, 3,y satisfy /BPC = /CPA = ZAPB = 120° and /BQC = 6(° + a,
/CQA =60+ 3, ZAQB = 60° + y. Prove the equality

(AP+BP+CP)3. AQ-BQ-CQ= (abc)?.

3. The sequencesn), (Yn),(Zn), n € N, are defined by the relations

2Xn 2 2z
X%_lv Yn+1—yﬁ_1, Zn+1_zr21_1a
wherex; = 2,y1 =4 andxi1y1zs = X3 + Y1+ 21.

(@) Show thak? # 1,y2 # 1,22 # 1 for alln;

(b) Does there existlae N for whichxy + yx+ z = 0?

Xni1 =

4. Determine all real numbeurswith the property that all numbers in the sequence
cosa,cosr,cosZa,...,cos?a,... are negative.
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