2-nd Czech-Slovak Match 1996

Zilina, June 2-5, 1996

1. Showthatan integgr> 3 is a prime if and only if for every two nonzero integers
a,b exactly one of the numbers
p p+1

N1:a+b—6ab+%1, N2:a+b+6ab+T

is a honzero integer.

2. Letx be a binary operation on a nonempty bkt That is, every paifa,b) € M
is assigned an elemeat b in M. Suppose that has the additional property that

(axb)xb=a andax(axb)=b foralla,be M.

(@) Show thaaxb=Dbxaforall a,be M.
(b) On which finite set81 does such a binary operation exist?

3. The base of a regular quadrilateral pyramid a square with side lengttazand
its lateral edge has length/17. LetM be a point inside the pyramid. Consider
the five pyramids which are similar t, whose top vertex is @1 and whose
bases lie in the planes of the facesrnfShow that the sum of the surface areas
of these five pyramids is greater or equal to one fifth the seréd 7, and find
for which M equality holds.

4. Decide whether there exists a functidn Z — Z such that for eaclk =
0,1,...,1996 and for any integen the equation

f(X)+kx=m
has at least one integral solutign

5. Two sets of intervalsy, % on the line are given. The set contains 2n— 1
intervals, every two of which have an interior point in connrm&oreover, every
interval from.e/ contains at least two disjoint intervals from. Show that there
exists an interval i which belongs to at leashintervals fromes.

6. The point€E andD are taken on the side¥C andBC respectively of a triangle
ABC. The linesAD andBE intersect aF. Show that the areas of the triangles
ABC andABF satisfy

Ssec  AC  BC 1

Swer AE  BD
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