
7-th Czech–Polish–Slovak Match 2007

Bı́lovec, Czech Republic
June 25–26, 2007

1. Find all polynomialsP with real coefficients satisfying

P(x2) = P(x)P(x +2)

for all real numbersx.

2. The Fibonacci sequence is defined bya1 = a2 = 1 andak+2 = ak+1+ak for k ∈N.
Prove that for any natural numberm there is an indexk such thata4

k − ak −2 is
divisible bym.

3. A convex quadrilateralABCD inscribed in a circlek has the property that the
raysDA andCB meet at a pointE for whichCD2 = AD ·ED. The perpendicular
to ED at A intersectsk again at pointF . Prove that the segmentsAD andCF are
congruent if and only if the circumcenter of△ABE lies onED.

4. For any real numberp ≥ 1 consider the set of all real numbersx with

p < x <

(

2+

√

p +
1
4

)2

.

Prove that from any such set one can select four mutually distinct natural num-
bersa,b,c,d with ab = cd.

5. For whichn∈ {3900,3901, · · · ,3909} can the set{1,2, . . . ,n} be partitioned into
(disjoint) triples in such a way that in each triple one of thenumbers equals the
sum of the other two?

6. LetABCD be a convex quadrilateral. A circle passing through the pointsA andD
and a circle passing through the pointsB andC are externally tangent at a point
P inside the quadrilateral. Suppose that∠PAB + ∠PDC ≤ 90◦ and ∠PBA +
∠PCD ≤ 90◦. Prove thatAB +CD ≥ BC + AD.
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