7-th Czech—Polish-Slovak Match 2007

Bilovec, Czech Republic
June 25-26, 2007

1. Find all polynomial$® with real coefficients satisfying
P(x%) = P(X)P(x+2)
for all real numbers.

2. The Fibonaccisequence is definedpy= a, = 1 anday, » = a1 +ax fork e N.
Prove that for any natural numberthere is an indek such thagy — a, — 2 is
divisible bym.

3. A convex quadrilaterahBCD inscribed in a circlek has the property that the
raysDA andCB meet at a poinE for whichCD? = AD - ED. The perpendicular
to ED atA intersectk again at poinF. Prove that the segmem® andCF are
congruent if and only if the circumcenter 6fABE lies onED.

4. For any real numbgy > 1 consider the set of all real numbera/ith

p<x< |2+ p+£—1 .

Prove that from any such set one can select four mutuallindtstatural num-
bersa, b,c,d with ab = cd.

5. Forwhichn e {39003901---,3909 can the sefl,2,...,n} be partitioned into
(disjoint) triples in such a way that in each triple one of thenbers equals the
sum of the other two?

6. LetABCD be a convex quadrilateral. A circle passing through thetg@iandD
and a circle passing through the poiBtandC are externally tangent at a point
P inside the quadrilateral. Suppose th&PAB + /PDC < 90° and ZPBA +
/PCD < 9C°. Prove thalAB+ CD > BC + AD.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



