
3-rd Czech–Polish–Slovak Match 2003

Žilina, June 15–18, 2003

1. Given an integern ≥ 2, solve in real numbers the system of equations

max{1,x1} = x2

max{2,x2} = 2x3

· · · · · · · · · · · ·
max{n,xn} = nx1.

2. In an acute-angled triangleABC the angle atB is greater than 45◦. PointsD,E,F
are the feet of the altitudes fromA,B,C respectively, andK is the point on seg-
mentAF such that∠DKF = ∠KEF .

(a) Show that such a pointK always exists.

(b) Prove thatKD2 = FD2 + AF ·BF.

3. Numbersp,q,r lie in the interval(2
5,

5
2) and satisfypqr = 1. Prove that there

exist two triangles of the same area, one with the sidesa,b,c and the other with
the sidespa,qb,rc.

4. PointP lies on the median from vertexC of a triangleABC. Line AP meetsBC
atX , and lineBP meetsAC atY . Prove that if quadrilateralABXY is cyclic, then
triangleABC is isosceles.

5. Find all natural numbersn ≥ 2 for which all binomial coefficients
(

n
1

)

,

(

n
2

)

, . . . ,

(

n
n−1

)

are even numbers.

6. Find all functionsf : R → R that satisfy the condition

f ( f (x)+ y) = 2x + f ( f (y)− x) for all x,y ∈ R.
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