
Chinese IMO Team Selection Test 1999

Time: 4.5 hours each day.

First Day

1. Let x1,x2, . . . ,xn be positive reals whose sum equals 1. Find the maximum pos-

sible value of
n

∑
i=1

(x4
i − x5

i ).

2. Find all prime numbersp with the property that, for all primesq, the remainer of
p upon division byq is squarefree (i.e. not divisible by any square greater than
1).

3. Find the leastn for which there existn subsetsA1,A2, . . . ,An of set S =
{1,2, . . . ,15} satisfying:

(i) |Ai| = 7 for all i;

(ii) |Ai ∩A j| ≤ 3 for any two distincti, j;

(iii) for any 3-element subsetM ⊂ S there is anAk containingM.

Second Day

4. Let a circle touch the sidesAB,BC of a convex quadrilateralABCD at G andH
and intersectAC at E andF. Find the conditionABCD must satisfy in order to
exist a circle passing throughE,F and touchingDA,DC.

5. Letm be an even positive integer.

(a) Show that there exist integersx1,x2, . . . ,x2m such thatxixi+m = xi+1xi+m−1+
1 for i = 1,2, . . . ,m−1.

(b) Prove that, ifx1,x2, . . . ,x2m satisfy (a), one can construct an infinite se-
quence(yk)k∈Z of integers such thatyi = xi for i = 1, . . . ,2m andykyk+m =
yk+1yk+m−1 +1 for all integersk.

6. For all permutationsτ = (x1, . . . ,x10) of numbers 1,2, . . . ,10, define

S(τ) =
10

∑
i=1

|2xi −3xi+1|

(wherex11 = x1). Find the maximum and minimum values ofS(τ) and all the
permutationsτ for which those are attained.
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