Chinese IMO Team Selection Tests 1986

First Test

1. Let ABCD be a cyclic convex quadrilateral and lgt Ig,Ic,Ip be the incenters
of the triangleBCD, ACD, ABD, ABC, respectively. Show thaglglclp is a rect-
angle.

2. Leta,b (i=1,2,...,n) be real numbers. Prove that the following two state-
ments are equivalent:

() YRo1@% < Ti_q bk whenevex; < xp <--- < Xp;
(i) Shja <3 befork=12....,n—1andy} ;a = SR by

3. For a natural numbek = ana,—1.--ap in decimal expansion, denotgA) =
2"ag+ 2" ta; +--- +a,. DefineA; = f(A) andA;, 1 = f(A) fori € N. Show
that:

(a) There exists a positive integefor which Ay, 1 = Ax.
(b) Determine the value of thi if A= 19?6,

4. A triangle ABC has a right angle &. Show that, given ang points inside the
triangle, we can denote them By, P,, ..., R, such that

PLPZ + PP 4+ Py P2 < ABZ.

Second Test

1. PointsP andQ on sidesAB, AD respectively of a unit square are taken so that
the perimeter of triangl&PQ is 2. Find the angl®CQ.

2. PointsE, F, G are chosen on the respective edgBsAC andAD of a tetrahedron
ABCD. Let Sxyz denote the area ari®yz the perimeter of trianglXYZ. Prove
that:

(a) Serg < maxSarc, Saep, Sacp; Seep;
(b) Sere < maxPagc, Paep, Pacp; Pecp.-

3. Forn > 3 real numbersy,xy,...,X,, denotep= 3! ;X andq= Y 1<icj<n XiXj-
Prove that:

@ 2020,

p n-1 2n i
R Ry [ —1...n
(b) ‘X| Sl /P r]_1qforeach| 1,....n
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4. On a circle are markedd4listinct points, arbitrarily labelled from 1 tck4

(a) Show that one can dravk ®airwise disjoint chords with endpoints at the
marked points so that the labels of the endpoints of eachddtifier by at

most k— 1.
(b) Show that the bound<3- 1 cannot be improved.
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