Chinese IMO Team Selection Test 2003

Time: 4.5 hours each day.

First Day — March 31

1. Inan acute triangl&BC, the angle bisector of A meets sid8CatD. LetE and
F be the feet of perpendiculars framto AC andAB respectively. Line8E and
CF intersect aH, and the circumcircle o AFH meetsBE atH andG. Show
that the triangle with side lengti&G, GE, BF is right-angled.

2. Find the subseA of {0,1,2,...,29} of the greatest possible cardinality with the
following property: for any integek and anya, b € A (not necessarily distinct),
the number+ b+ 30kis not a product of two consecutive integers.

3. Foranya = (aj,az,...,a,) andp = (by,by,...,by) fromR", define
y(a,B) = (lag —ba|,[az —bg],...,[an —bn[).

For a finite subseA of R", letD(A) = {y(a,B) | a,B € A}. Show tha{D(A)| >
Al

Second Day — April 1

4. Find all functionsf : N — R satisfying:
(i) f(n+1)> f(n)foralln>1;
(i) f(mn) = f(m)f(n) for any coprimemandn.
5. ConsiderA = {1,2,...,2002} and M = {100120033005}. We say that a
nonempty subseB of A is M-freeif the sum of any two elements & is not
in M. If A=A1UA,, A1NA; = 0 and bothAg, A, areM-free, we say that the

ordered paifA;,Ay) is anM-partition of A. Find the number oM-partitions of
A

6. The sequenc,) satisfiesg =0, X2 = x1v/2, x3 € N and

1 1
Xn+ VA%n_1+ Sz foralin>2.

Xny1 = %

Determine the minimum number of integer terms that the secpienust have.
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