Chinese IMO Team Selection Test 2001

Time: 4.5 hours each day.
First Day
1. A convex quadrilateraABCD is given in the plane. Suppose there exist points
E,F inside the quadrilateral such that

AE =BE, CE=DE, ZAEB= ZCED; and
AF =DF, BF =CF, ZAFD = /ZBFC.

Prove thatZ/AFD + ZAEB = 11.

2. Leta,b be integers wittb > a > 1 such that does not dividéo, and let(bn);y_;
be a sequence of natural numbers such hat > 2b, for all n. Does there
necessarily exist a sequen@s);;_, of natural numbers such thag;1 —an €
{a,b} for all nandam + & ¢ (bn);_; for any indicesm,1?

3. Letk> 1 be a given integer. Find all functioris R — R such that

fE+f(y) =y+f(x)* forallxyeR.

Second Day

4. Letn > 3 be an integer and letQ x; < X < --+ < Xn42 be real numbers. Find
the minimum possible value of

no X1 n X2
(ZI:]. Xi ) (ZJ:]. XHl)
)
zn Xt 1%+2 zn XXX 42
k=13 | %X 2 =17 X%

and determine when this minimum value is attained.

5. LetD be an arbitrary point on the sid&C of an equilateral triangl&BC. Let
04,11 be the circumcenter and incenter&ABD andO,, I, be the circumcenter
and incenter oNACD, respectively. Line®11; andO,l, meet at a poinf. Find
the locus ofP asD moves along the segmeBE.

6. Find positive real numbegsb, ¢ for which F = 1rl1a<>§|x3 — ax? — bx— | is min-
SXS
imum possible.
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