22-nd Canadian Mathematical Olympiad 1990

April 4, 1990

1. A competition involvingn > 2 players was held ovérdays. On each day, the
players received scores of2l...,n points with no two players receiving the
same score. At the end of thedays, it was found that each player had exactly
26 points in total. Find all pairgn, k) for which this is possible.

2. Aset of”(”—;l) distinct numbers is arranged at random in a triangular array

If Mk denotes the largest number in théh row from the top, find the probability
thatMy < My < -+- < M.

3. The diagonalsAC and BD of a cyclic quadrilateraABCD meet atX. Let
A/ .B',C',D' be the feet of the perpendiculars fraxnto AB,BC,CD, DA, re-
spectively. Prove that

AB +CD'=AD +BC.

4. A particle can travel at speeds up to/3 along thex-axis, and up to /s
elsewhere in the plane. Provide a labelled sketch of theonegrhich can be
reached within one second by the particle starting at thggrori

5. Afunctionf is defined orlN as follows:

f)=1 f(2)

(2)=2;
fin+2)=f(n+2-f(n+1))+f

n+1-—f(n)) foreachn> 1.

(@) Provethat f(n+1)— f(n) <1, andthatf(n+1)= f(n)+1if f(n)is
odd.

(b) Find, with proof, all values aofi for which f(n) = 210+ 1.
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