
16-th Baltic Way

Stokholm, Sweden – November 5, 2005

1. Let a0 be a positive integer. Define the sequence{an}n≥0 as follows: if an =
j

∑
i=0

ci10i whereci are integers with 0≤ ci ≤ 9, thenan+1 = c2005
0 + c2005

1 + · · ·+

c2005
j . Is it possible to choosea0 so that all the terms in a sequence are distinct?

2. Letα,β , andγ be three angles with 0≤ α,β ,γ < 90◦ and sinα +sinβ +sinγ =
1. Show that

tan2 α + tan2 β + tan2 γ ≥ 3
8
.

3. Consider the sequence{ak}k≥1 defined bya1 = 1, a2 = 1
2, ak+2 = ak + 1

2ak+1 +
1

4akak+1
, for k ≥ 1. Prove that

1
a1a3

+
1

a2a4
+

1
a3a5

+ · · ·+ 1
a98a100

< 4.

4. Find three different polynomialsP(x) with real coefficients such thatP(x2+1)=
P(x)2 +1 for all realx.

5. Leta,b,c be positive real numbers withabc = 1. Prove that

a
a2 +2

+
b

b2 +2
+

c
c2 +2

≤ 1.

6. LetK andN be positive integers with 1≤ K ≤ N. A deck ofN different playing
cards is shuffled by repeating the operation of reversing theorder ofK topmost
cards and moving these to the bottom of the deck. Prove that the deck will be
vack in its initial order after a number of oprations not greater than 4·N2/K2.

7. A rectangular array hasn rows and 6 columns, wheren > 2. In each cell
there is written eitgher 0 or 1. All rows in the array are differnet from each
other. For each two rows(x1,x2,x3,x4,x5,x6) and(y1,y2,y3,y4,y5,y6) the row
x1y1,x2y2,x3y3,x4y4,x5y5,x6y6 also can be found in the array. Prove that there is
a column in which at least half of the entries are zeros.

8. Consider a grid of 25×25 unit squares. Draw with a red pen contours of squares
of any size on the grid. What is the minimal number of squares we must draw in
order to color all the lines of the grid?

9. A rectangle is divided into 200×3 unit squares. Prove that the number of ways
of splitting this rectangle into rectangles of size 1×2 is divisible by 3.

10. Letm = 30030= 2 ·3 ·5 ·7 ·11·13 and letM be the sert of its positive divisors
which have exactly two prime factors. Determine the minimalintegern with the
following property: for any choice ofn numbers fromM, there exist 3 numbers
a,b,c among them satisfyinga ·b · c = m.
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11. Let the pointsD andE lie on the sidesBC andAC, respectively, of the traingle
ABC, satisfyingBD = AE. The line joining the circumcenter of the triangles
ADC andBEC meets the linesAC andBC at K andL, respectively. Prove that
KC = LC.

12. LetABCD be a convex quadrilateral such thatBC = AD. Let M andN be the
midpoints ofAB andCD, respectively. The linesAD andBC meet the lineMN
at P andQ, respectively. Prove thatCQ = DP.

13. What is the smallest number of circles of radius
√

2 that are needed to cover a
rectangle

(a) of size 6×3?

(b) of size 5×3?

14. Let the medians of the triangleABC meet atM. Let D andE be different points
on the lineBC such thatDC = CE = AB, and letP andQ be points on the seg-
mentsBD andBE, respectively, such that 2BP = PD and 2BQ = QE. Determine
∠PMQ.

15. Let the linese and f be perpendicular and intersect each other atH. Let A andB
lie on e andC andD lie on f , such that all the five pointsA, B, C, D andH are
distinct. Let the linesb andd pass throughB andD respectively, perpendicularly
to AC; let the linesa andc pass throughA andC, respectively, perpendicularly to
BD. Let a andb intersect atX andc andd itnersect atY . Prove thatXY passes
throughH.

16. Letp be a prime number and letn be a positive integer. Letq be a positive divisor
of (n +1)p−np. Show thatq−1 is divisible byp.

17. A sequence{xn}n≥0 is defined as follows:x0 = a,x1 = 2, andxn = 2xn−1xn−2−
xn−1xn−2 +1 for n > 1. Find all integersa such that 2x3n −1 is a perfect square
for all n ≥ 1.

18. Letx andy be positive integers and assume thatz = 4xy
x+y is an odd integer. Prove

that at least one divisor ofz can be expressed in the form 4n−1 wheren is a
positive integer.

19. Is it possible to find 2005 different positive square numbers such that their sum
is also a square number?

20. Find all positive integersn = p1p2 · · · pk which divide(p1 +1)(p2+1) · · ·(pk +
1), wherep1p2 · · · pk is the factorization ofn into prime factors (not necessarily
distinct).
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