15-th Baltic Way
Vilnius, Lithuania — November 7, 2004

1. A sequencey,ay, ... of nonnegative real numbers satisfies fomall

an+axn>3n and ap1+n<2y/(n+1)an

(a) Prove that, > nholds for every sufficiently large.
(b) Give an example of such a sequence.

2. LetP(x) be a polynomial with nonnegative coefficients. Prove thitefinequal-
ity P(x)P(1/x) > 1 holds forx = 1 then it holds for every > 0.

3. If p,q,r are positive numbers withgr = 1 andn a natural number, prove that
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4. Let x1,%2,..., %y be real numbers with arithmetic meahh Show that there
is an indexk such that, for each < k, the arithmetic mean of the numbers
Xi,Xit1,...,Xx dOes not exceex.

5. The functionf is defined for each integérby
f(k) = (k)3 + (2K)5+ (3k)7 — 6k,

where(k)2n1 denotes the multiple ofr2+ 1 closest tk. Find the set of values
taken byf.

6. A positive integer is written on each of the six faces of becuFor each vertex
of the cube we compute the product of the numbers on the thmss fmeeting
at that vertex. If the sum of these products is 1001, whatdsstim of the six
numbers on the faces?

7. Find all setsX consisting of at least two positive integers such that fargv
m,n € X with n > mthere existk € X with n = mk?.

8. Prove that for every nonconstant polynonfiat) with integer coefficients there
exists an integen such thatf (n) has at least 2004 distinct prime factors.

9. A setSof n— 1 natural numbers is givem ¢ 3), not all of which are congruent
modulon. Prove that it is possible to choose a non-empty subs8tvath the
sum of elements divisible hy.

10. Is there an infinite sequence of prime numberspy,... satisfying |pni1 —
2pn| = 1 for eacn € N?
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11. Given is aftmx n table in each of whose cells either 1 o4 is written. Ini-
tially there is exactly one-1 in the table. In each step it is allowed to choose
a cell containing-1, replace this-1 by 0, and simultaneously change signs of
the numbers in the neighbouring (by side) cells. Findln) for which one
can obtain the table containing zeros only using such maegsrdless of the
position of the initial—1.

12. There are different numbers in a row. By one move we can interchange any
two numbers or interchange any three numbers cyclicaldy (replacea,b,c
by b,c,a respectively). What is the minimal number of moves that vgagbk
sufficient to arrange the numbers in increasing order?

13. The 25 member states of the EU set up a committee with tlogvfng rules:

(i) The committee should meet daily;
(i) At each meeting, at least one member state should besepted,;
(i) At no two meetings the same set of states is represented

(iv) At the n-th meeting, for everk < n, the set of states represented should
include at least one state that was represented &tttheneeting.

At most, for how many days can the committee meet?

14. We say that gileis a set of four or more nuts. Two persons play the following
game. They start with one pile of> 4 nuts. In a move a player splits one of the
available piles into two nonempty sets (which are not nedggsles). A player
who cannot make a move loses. For which values d@bes the first player have
a winning strategy?

15. Acircle is divided into 13 segments, numbered conseelytfrom 1 to 13. Five
fleas calledA, B,C,D andE are sitting at the segments213,4,5 respectively.
A flea is allowed to jump to an empty segment five positions aimagither
direction around the circle. Only one flea jumps at a timeeA$everal jumps,
the fleas are back in the segments 1,2,3,4,5, but possiblgnme ®ther order.
Which orders are possible?

16. A secant through poirR exterior to a given circle intersects the circlefaand
B, and a tangent touches the circl&Cabn the same side of the diameter through
P asA andB. The projection of poin€ on this diameter i. Prove that the line
QC bisects the anglg AQB.

17. A quadrilateral with side lengthsy, z,u is inscribed in a rectangle with sides 3
and 4, with one vertex on each side of the rectangle. Prote tha

25< X2 +y? 4+ 2 +u? < 50,

18. Aray through the verteX of a triangleABC intersects the sidBC at X and the
circumcircle of AABC atY. Prove that

1 1 4
o> .
AX XY ~ BC
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19. In atriangleABC, D is the midpoint oBC andM the point on sid®C such that
/BAM = /DAC. The circumcircles of triangleSAM andBAM meet the sides
AB andAC again at pointé andK, respectively. Show thatL || BC.

20. Three circular arcey, wp, w3 with common endpointé andB lie on the same
side of the lineAB with «, betweenw; and ws. Two rays emanating frorB
intersect these arcs klt;, My, M3 andK1, Ky, K3, respectively. Prove that

MiMz  KiKp
MoMs KoKz
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