14-th Baltic Way
Riga, Latvia— November 2, 2003

1. Find all functionsf : Q" — Q* which for allx € Q* fulfill
1 1
f (;) =f(x) and (1+ ;) f(x) = f(x+1).

2. Prove that any real solution of + px+q = 0, wherep,q are real numbers,
satisfies the inequalitygk < p?.

3. If x,y,zare positive numbers witkyz= 1, prove the inequality

1+x)(1+y)(1+2>2 (1+ \3/¥+ \3/§+ \3/9 .

4. Leta,b,c be positive real numbers. Prove that

2a n 2b n 2c <E+£+£
a2+bc b2+ca c2+ab " bc ca ab’

5. The sequencgay) is defined byay = v/2, @, = 2, andan 1 = ana2_; forn> 2.
Prove that for everm > 1

(1+a1)(1+a)- - (1+an) < (2+V2) aap-+-an

6. Letn> 2 andd > 1 be integers withd | n, and letxy, Xy, . .., X, be real numbers
such thatx; + X + - - - + Xn = 0. Show that there are at Iea@[}) choices ofd
indices 1< iy <ip < --- <ig < nsuch thak, +X,+---+Xi, > 0.

7. A subseK of {1,2,3,...,10000 has the following property: I&,b are distinct
elements oK, thenab ¢ X. What is the maximal number of elementsX{fi

8. There are 2003 pieces of candy on a table. Two playersately make moves.
A move consists of eating one candy or half of the candies enahle (the
“lesser half” if there are an odd number of candies). At lesst candy must be
eaten at each move. The loser is the one who eats the last. dAtigh player
has a winning strategy?

9. Itis known tham is a positive integer and < 144. Ten questions of type “Is
smaller thara?” are allowed. Answers are given with a delay: Fer1,...,9,
the i-th question is answered only after tkiet+ 1)-th question is asked. The
answer to the tenth question is given immediately. Findatedyy for identifying
n.
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10. Alattice point in the plane is a point with integral coordinates. Tdeatroid of
four points(x,yi), i = 1,2,3,4, is the point X281 Y1¥22¥atva) | etn pe
the largest natural number for which there adistinct lattice points in the plane
such that the centroid of any four of them is not a lattice pdfnove thah = 12.

11. Is it possible to select 1000 points in the plane so th#dast 6000 pairwise
distances between them are equal?

12. PointdM andN are taken on the sid&C andCD respectively of a squarsBCD
so thatZ/MAN = 45°. Prove that the circumcenter 6fAMN lies onAC.

13. In arectangl&BCD with BC = 2AB, E be the midpoint oBC andP an arbitrary
inner point ofAD. LetF andG be the feet of perpendiculars drawn correspond-
ingly from A to BP and fromD to CP. Prove that the pointg,F,P, andG are
concyclic.

14. Equilateral triangleAMB, BNC, CKA are constructed in the exterior of a trian-
gle ABC. The perpendiculars from the midpoints\diN, NK, KM to the respec-
tive linesCA, AB, BC are constructed. Prove that these three perpendiculass pas
through a single point.

15. The diagonals of a cyclic convex quadrilated8CD intersect atP. A circle
throughP touches the sid€D at its midpointV and intersects the segmeBiS
andAC again in pointQ andR respectively. LeS be the point on segmeBD
such thaBS= DQ. The line througls parallel toAB intersectsAC at T. Prove
thatAT = RC.

16. Find all pairs of positive intege(fa, b) such that— bis a prime number anab
is a perfect square.

17. Allthe positive divisors of a positive integeare stored into an increasing array.
Mary is writing a program which decides for an arbitrarilyoslen divisod > 1
whether it is a prime. Leh havek divisors not greater thath. Mary claims that
it suffices to check divisibility ofl by the first[k/2] divisors ofn: d is prime if
and only if none of them but 1 dividek Is Mary right?

18. Every integer is to be colored blue, green, red, or yell@an this be done in
such a way that if, b, c,d are not all 0 and have the same color, thar-2b #
2c—3d?

19. Leta andb be positive integers. Show thataf + b® is the square of an integer,
thena+ bis not a product of two different prime numbers.

20. Suppose that the sum of all positive divisors of a natuatbem, n excluded,
plus the number of these divisors is equahtoProve thain = 2n? for some
integerm.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



