13-th Baltic Way
Tartu — November 2, 2002

1. Solve in the real numbers the system of equations

a®+3ab?+3ac?—6abc = 1
b3+ 3ba?+3bc2—6abc = 1
¢+ 3ca?+ 3ch? — Babc 1.

2. Real numbera, b, c, d satisfy
a+b+c+d=-2 and ab+ac+ad+bc+bd+cd=0.

Prove that at least one of the numbay$, c, d is not greater than-1.

[e9]

3. Find all sequencesn),y_, of real numbers which satisfy

Ay e = a5 +a2 forallintegersm,n > 0.

4. Letxy,Xp,...,Xn be nonnegative real numbers wikh+ - - - + X, = 1. Prove that

1

Suar<(1-3)

5. Find all pairg(a,b) of positive rational numbers such that

Va+vb=1/2+3.

6. The following solitaire game is played on anx n rectangular boardchf,n > 2)
divided into unit squares, with a rook placed on some squstreach move, the
rook can be moved an arbitrary number of squares horizgrtallertically, with
the extra condition that each move has to be made in thel®6kwise direction
compared to the previous one. For which valuesiaindn is it possible that the
rook visits every square of the board exactly once and retiarthe first square?
(The rook is considered to visit only those squares it stapsnd not the ones
it steps over.)

7. The plane is divided into regions loyconvex quadrilaterals (one of the regions
is infinite). Find the maximum possible number of these negio

8. LetP be a set oh > 3 points in the plane, no three of which are on a line. How
many possibilities are there to choose a®ef (",') triangles with vertices in
P, such that each triangle ihhas a side that is not a side of any other triangle in

T?
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10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

. Two magicians show the following trick. The first magicgoes out of the room.

The second magician takes a deck of 100 cards labelled byens2, ..., 100
and asks three spectators to choose in turn one card eaclse@tied magician
sees what card each spectator has taken. Then he adds oneartbfiom the
rest of the deck. Spectators shuffle these four cards, @lfirt magician and
give him these four cards. The first magician looks at the éawds and guesses
what card was chosen by each of the spectators. Prove thatabieians can
perform this trick.

LetN be a positive integer. Two persons play the following gamée Tirst
player writes a list of positive integers not greater thanr2h necessarily differ-
ent, with the sum at least 200. The second player wins if heselett some of
these numbers so that their s@satisfies the conditiofs— 200 < N. What is
the smallest value dfl for which the second player has a winning strategy?

Considen points in the plane such that no three of them are collinedrrem
two of the distances between them are equal. One by one, wétaimously
connect each point to the two points nearest to it by segmemts/e that there
is no point which is connected by segments to more than 1kgoin

A setS of four distinct points is given in the plane. Suppose thatdioy point
X € Sthe remaining points can be denotedhh andw so thatXY = XZ + XW.
Prove that all the four points lie on a line.

LetABC be an acute triangle witdA > ZC, and letD be a point on sid&C
such thatAB = BD. Let F be a point on the smaller aAC or the circumcircle
of triangle ABC such that D is perpendicular t®C. Prove thaFB L AC.

LetL,M andN be points on sideAC, AB andBC of triangleABC, respectively,
such thaBL is the bisector of angl&BC and segment8N, BL andCM have a
common point. Prove that fALB = Z/MNB thenZLNM = 90°.

A spider and a fly are sitting on a cube. The fly wants to meedrthe length of
the shortest path to the spider along the surface of the ¢siiisnecessarily best
for the fly to be at the point symmetric to the spider with re$pe the center of
the cube?

Find all nonnegative integens for which ay, = (22m+1)2+ 1 is divisible by at
most two different primes.

Show that the sequentEos). (5009 (5099) - - - is periodic modulo 2002.

Find all integers > 1 such that any prime divisor of — 1 is a divisor of(n® —
1)(n? —1).
Letn be a positive integer. Prove that the equation

11
X+y+-+-=3n
Xy

has no solutions in positive rational numbers.
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20. Does there exist an infinite non-constant arithmetigmassion, each term of
which is of the forma®, wherea andb are positive integers with > 2?
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