
9-th Baltic Way

Warsaw, Poland – November 8, 1998

1. Find all functionsf : N×N → N of two variables satisfying for allx,y:

f (x,x) = x, f (x,y) = f (y,x), (x + y) f (x,y) = y f (x,x + y).

2. A triple (a,b,c) of positive integers is calledquasi-Pythagorean if a,b,c are the
sides of a triangle with an angle of 120◦ corresponding to sidec. Prove that if
(a,b,c) is a quazi-Pythagorean triple thenc has a prime divisor greater than 5.

3. Find all integral solutions(x,y) to the equation 2x2 +5y2 = 11(xy−11).

4. Let P be a polynomial with integer coefficients. Suppose thatP(n) is a three-
digit natural number forn = 1,2, . . . ,1998. Prove that the polynomialP has no
integer zeros.

5. Given an odd digita and an even digitb, prove that for eachn ∈ N there is a
multiple of 2n whose decimal expansion consist only of digitsa andb.

6. A polynomialP of degree 6 and real numbersa,b with 0 < a < b satisfyP(a) =
P(−a), P(b) = P(−b) andP′(0) = 0. Prove thatP(x) = P(−x) for all realx.

7. Find all functionsf : R→R such thatf (x)+ f (y) = f ( f (x) f (y)) for all realx,y.

8. DenotePk(x) = 1+ x + x2+ · · ·+ xk−1. Show that for allx andn ∈ N

n

∑
k=1

(

n
k

)

Pk(x) = 2n−1Pn

(

1+ x
2

)

.

9. Given numbers 0< α < β < π/2, let 0< γ,δ < π/2 be the numbers such that
tanγ is the arithmetic mean of tanα and tanβ and secδ is the arithmetic mean
of secα and secβ . Prove thatγ < δ .

10. A regularn-gon and a regular(n−1)-gon are inscribed in a unit circleFor each
vertex of then-gon consider the distance to the nearest vertex of the(n−1)-gon
measured along the circumference. LetS be the sum of thesen distances. Prove
thatS depends only onn and not on the relative position of the two polygons.

11. If a,b,c are the sides andR the circumradius of a triangleABC, prove that

R ≥
a2 + b2

2
√

2a2 +2b2− c2
.

When does equality hold?

12. In a triangleABC with a right angle atA, pointD on the sideBC satisfies∠BDA =
2∠BAD. Prove that

1
AD

=
1
2

(

1
BD

+
1

CD

)

.

1

The IMO Compendium Group,
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13. In a convex pentagonABCDE with AE parallel toBC and∠ADE = ∠BDC, the
diagonalsAC andBE intersect atP. Prove that∠EAD = ∠BDP and∠CBD =
∠ADP.

14. In a triangleABC with AB < AC, the line throughB parallel toAC meets the
external bisector of∠BAC at D and the line throughC parallel toAB meets this
bisector atE. PointF on sideAC satisfiesFC = AB. Prove thatDF = FE.

15. LetD be a point on the altitude fromA of an acute triangleABC and letE be the
point on this altitude satisfyingAE/ED = CD/DB. If F is the projection ofD
on BE, prove that∠AFC = 90◦.

16. Can one put 42 pieces of size 4×1 on a 13×13 square board so that only the
central field of the board remains uncovered?

17. There arenk objects andk boxes, each of which can holdn objects. Each object
is colored with one ofk colors. Show that the objects can be packed in the boxes
so that each box contains objects of at most two colors.

18. Find alln ∈ N for which there exists a setS with the following properties:

(i) S consists ofn positive integers smaller than 2n−1;

(ii) Any two distinct subsets ofS have different sums of elements.

19. Two teams of 1000 players each played a ping-pong match inwhich every two
players from different teams played exactly one match (no draws). Prove that
there exist ten players from the same team such that every member of the other
team lost to at least one of those ten players.

20. A natural numberm is said tocover the number 1998 if the digits 1,9,9,8 occur
in this order as digits ofm. (For instance, 1998 is covered by 215993698 but
not by 213326798.) Letk(n) be the number ofn-digit positive numbers(n ≥ 5)
that cover 1998 and whose all digits are nonzero. What is the remainder ofk(n)
when divided by 8.

2

The IMO Compendium Group,
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