3-rd Baltic Way

Vilnius, Lithuania — November 7, 1992

1. Letpandqbe two consecutive odd prime numbers. Prove hat is a product
of at least three positive integers greater than 1 (not sacgdifferent).

2. Denote byd(n) the number of all positive divisors of a positive integeiProve
that there are infinitely manyfor which d(n) dividesn.

3. Find an infinite non-constant arithmetic progressionasitive integers such that
each term is neither a sum of two squares, nor a sum of two cubes

4. Is it possible to draw a hexagon with vertices in integtida points so that the
squares of the lengths of its sides are six consecutiveiymsitegers?

5. Giventhat?+b?+ (a+b)% = c?+d?+ (c+d)?, prove thag? +b*+ (a+b)* =
ct+d*+ (c+d)*

6. Prove that the product of the 99 numbgﬁél fork=2,3,...,100 is greater than
2

3

7. Leta= "%71992. Which number is greater:

.'a
2 }1992 or 19927

8. Find all integer solutions of the equatiof(2— x) = 2x+ 4.

9. Prove that every polynomi#(x) = x3+ax? + bx+-c with b < 0 andab = 9c has
three different real roots.

10. Find all fourth degree polynomiatgx) satisfying the following conditions:

() p(x) = p(—x) for all x;
(i) p(x) >0 forallx;
(i) p(0) =1,

(iv) p(x) has exactly two local minimum poinkg, X, and|x; — Xz| = 2.
11. Show that there is a unique functibnQ* — Q* such that
() 110 <q<3thenf(q)=1+"f (ﬁ)
(i) f1 <g<2thenf(q)=1+f(q—1);
(i) f(q)f (%4) —1forallge Q.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Assume thap : N — N is a bijective function such that there exists a finite limit

lim m =L
n—e N

What are the possible valueslo?

Prove that for any positive numbetsxo, ..., X, andy, Yo, ..., Vn

no1 an?
L —
i;myi =SSP (i +yi)?

The (finitely many) towns in a country are connected bydirection roads. It
is known that, for any two towns, one of them can be reached the other one.
Prove that there is a town from which all the remaining towens loe reached.

Noah has to fit eight species of animals into four cagdsedtk. He plans to put
species in each cage. For each of the species there are ahneesbther species
with which it cannot safely share a cage. Prove that he catysafcomodate all
the animals.

All faces of a convex polyhedron are parallelograms. tharmpolyhedron have
exactly 1992 faces?

A quadrilateraPBCD is inscribed in a circle with radius 1 a#€ as a diameter,
andBD = AB. The diagonal#C andBD intersect aP. Given thatPC = % how
long is the side&CD?

Show that in a non-obtuse triangle the perimeter is awgagater than two times
the diameter of the circumcircle.

Two non-intersecting circl€® andC; in the plane touch a circlé internally at
pointsA andB respectively. A common tangenbf C; andC, touches them at
D andE respectively so that bot; andC, are on the same side bfLetF be
the intersection point oAD andBE. Show thaf lies onC.

Leta < b < cbe the sides of a right triangle of perimetgr. Zhow that the area
of the triangle equalS= p(p—c) = (p—a)(p—b).
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