1-st Baltic Way

Riga, Latvia— November 24, 1990

1. Numbers 12,...,nare written around a circle in some order. What is the small-
est possible sum of the absolute differences of adjacenbatsf

2. The squares of a squared paper are enu-

merated as shown on the picture. De- .

vise a polynomiap(m,n) in two vari- 1Q°.

ables such that for angn,n € N the 619"
number written in the square with co- 31518 12"-_
ordinategm, n) is equal top(m, n). 1121417101

3. Givenag > 0 andc > 0, the sequenc@y) is defined by

an+C
1-ca,

Is it possible thabg, as, . .., aigggare all positive budyggpis negative?

a1 = forn=0,1,...

4. Prove that, for any real numbexg ay, . .. ,an,

5. Letx be an operation, assigning a real numaeib to each pair of real num-
bers(a,b). Find an equation which is true (for all possible values afalzles)
provided the operatiom is commutative or associative and which can be false
otherwise.

6. Let ABCD be a quadrilateral witihD = BC and Z/DAB + ZABC = 120°. An
equilateral triangl®PC is erected in the exterior of the quadrilateral. Prove that
the triangleAPB is also equilateral.

7. The midpoint of each side of a convex pentagon is conndgtadsegment with
the centroid of the triangle formed by the remaining thregiees of the pen-
tagon. Prove that these five segments have a common point.

8. It is known that for any poinP on the circumcircle of a triangl&BC, the or-
thogonal projections oP onto AB,BC,CA lie on a line, called &mson line of
P. Show that the Simson lines of two diametrically oppositefg; andP, are
perpendicular.

9. Two congruent triangles are inscribed in an ellipse. Amytnecessarily sym-
metric with respect to an axis or the center of the ellipse?

10. A segmenfAB is marked on a ling. The segment is moved on the plane so
that it remains parallel tband that the traces of poindsandB do not intersect.
The segment finally returns onto How far can pointA now be from its initial
position?
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11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

Prove that the modulus of an integer root of a polynomiti \mteger coeffi-
cients cannot exceed the maximum of the moduli of the coefftsi

Letm andn be positive integers. Show that®5- 3n is divisible by 83 if and
only if so is In+ 7n.

Show that the equatioxf — 7y? = 1 has infinitely many solutions in natural
numbers.

Do there exist 1990 pairwise coprime positive integachghat all sums of two
or more of these numbers are composite numbers?

Prove that none of the numbe/S21,n=0,1,2,... isa perfect cube.

A closed polygonal line is drawn on a unit squared papehabits vertices lie
at lattice points and its sides have odd lengths. Prove thatimber of sides is
divisible by 4.

There are two piles with 72 and 30 candies. Two studeteialte taking candies
from one of the piles. Each time the number of candies talan & pile must be

a multiple of the number of candies in the other pile. Whiahdsnt can always
assure taking the last candy from one of the piles?

Numbers 12,...,101 are written in the cells of a 164101 square board so that
each number is repeated 101 times. Prove that there exists aicolumn or a
row containing at least 11 different numbers.

What is the largest possible number of subsets of thlsgf...,2n+ 1} such
that the intersection of any two subsets consists of onevarakconsecutive
integers?

A creative task: propose an original competition problegether with its solu-
tion.
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