Bulgarian Team Selection Tests 2007

Selection Tests for Balkan MO
First Test - Sofia, April 7

1. Consider a trianglABC with /A = 30° and the circumradius 1. For any point
X inside the triangle or on its boundary denoigX) = min{AX,BX,CX}. Find
the angles of the triangle if the maximum valuen(iX) equals\/3/3.

2. Find alla € R for which there exists a nonconstant functibn(0,1] — R satis-

fying
a+ f(x+y—xy)+ f(x)f(y) < f(x)+ f(y) foranyxye (0,1].

3. In ascalene trianglgBC, | is the incenter andl andBI meet the opposite sides
at A; andB; respectively. The lines through, andB; parallel toAC andBC
respectively meet the linél atA; andB,. LinesAA; andBB, meet atN, andM
is the midpoint ofAB. If CN || IM, find the ratioCN : IM.

4. Letx be a vertex of a non-oriented gra@h The transformatiogy of G consists
of deleting all edges incident withand drawing edgesy for all verticesy that
were not joined tox by an edge. A grapHl is said to beG-obtainabléf it can
be obtained fronG by a sequence of transformations of the above form.
Let n be a positive integer divisible by 4. Prove that for everypr& with 4n
vertices anch edges there exists@-obtainable graph containing at leasf$4
triangles.

Second Test — Sofia, April 9

1. In atriangleABCwith AC = BC, pointM on sideABis such thaAM = 2MB, F
is the midpoint oBC andH the foot of the perpendicular froid to AF. Prove
that/BHF = ZABC.

2. Letn,k be integers witm > 2k > 3 andA = {1,2,...,n}. Find all values of
n andk for which the number ok-element subsets & is 2n — k times that of
two-element subsets &

3. Given an integen > 2, find the largest consta@{n) for which the inequality
n
Zlm >Cn) > (2 + /%iX))
i= 1<)<i<n

holds for all real numbers € (0,1) satisfying(1—x)(1—x;) > % forl1<j<
i<n.
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4. Letp be a prime number of the fornk4- 3 (k € Np). For any two integerg,y
not divisible byp, denote byf (x,y) the remainder ofx? + y?)? in division by p.
How many different values cahtake?

Selection Tests for IMO
First Test — May 16-17

1. The sequenc@,);,_; is such thaty > 0 andan,1 = 1?_"6‘% forn>1.
1
(a) Prove thag, < T
(b) Show that there existsfor which a, > %ﬁ.

2. In a convex quadrilaterdl; A2AzA4As the trianglesA1 AcAsz, A2AzA4, AzA4As,
A4AsAL, AsA1A, have the same area. Prove that there exists a pbiint the
plane such that the triangldgMA,, A;MAz, AsMA,, A4MAs, AsMA; also have
the same area.

3. Prove that there are no distinct positive integeasdy such that

X207yt = y2007 4 5,

4. Let P be a point on sid\B of a triangleABC. Consider all pairs of points
X €BC, Y € ACsuch thatZPXB= ZPY A Prove that the midpoints of all such
segmentXY lie on a single line.

5. Real numbers;,bi (1 <i<n)satisfys! ;a2 =" ;b?=1andy! ;ab; =0.

Prove that
n 2 n 2
a| + bi|] <n

6. Denote byZ?(S) the family of all subsets of a finite s&t(including the empty
set andSitself). The functionf : Z(S) — R satisfies

f(XNY)=min{f(X),f(Y)} foranyX,Y e Z(S).

Find the largest number of distinct values whickan take.
Second Test — May 26-27

1. Two circlesk; andk, with centerdD; andO, respectively are externally tangent
atP. A circle ks is tangent tdk; at Q and tok, atR. The linesPQ andPR meet
ks again atA andB, respectively. IfAO, andBO; intersect at poin§, prove that
SP1 O,0,.
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2. Find all positive integersa for which

2"a™— (a+B)"— (a—B)"
3a2+ 2

is an integer for all nonzero integemsandf3.

3. Find all integers > 3 such that for any two positive integersr < n— 1 there
existmdistinct elements of the s¢t,2,...n— 1} whose sum is congruent to
modulon.

4. Solve the system

X4yu=(x+u)", x+yz=u,

wherex,y, z are prime numbers anda positive integer.
5. Find all pairs of function$,g: R — R such that
(@) f(xgly+1))+y=xf(y)+ f(x+9(y)) foranyx,y € R and
(b) (0)+9g(0)=0.

6. Show thah =11 is the smallest positive integer such that for any cotpoifithe
edges of a complete graphmfertices with three colors there exists a monochro-
matic cycle of length 4.
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