47-th Bulgarian Mathematical Olympiad 1998
Fourth Round — May 16-17, 1998
First Day
1. Letnbe a natural number. Find the least natural nurkifer which there exisk
sequences of 0 and 1 of length-2 2 with the following property: any sequence

of 0 and 1 of length 2+ 2 coincides with some of thesesequences in at least
n+ 2 positions.

2. The polynomial$,(x,y) (n € N) are defined by, (x,y) = 1 and
Pn+1(xay) = (X+y_ 1)(y+ l)Pn(X7Y+ 2) + (y_ yz)Pn(Xay)7 n 2 1
Prove thaP,(x,y) = Pn(y,x) for all x,y andn.

3. On the sides of a non-obtuse triangBC a square, a regulargon and a regular
m-gon (n,n > 5) are constructed externally, so that their centers até&esrof a
regular triangle. Prove that = n = 6 and find the angles i ABC.

Second Day

4. Letas,ay,...,an be real numbers, not all zero. Prove that the equation

V31tax+y/1+ax+--++/1+ax=n

has at most one nonzero real root.

5. Suppose thahandn are natural numbers such that

n
A (m+3)"+1
3m

is an integer. Prove th& must be odd.
6. The sides and diagonals of a reguiagon 2™ are colored irk colors so that:

(i) Foreach coloaand ant two vertice8, B of 27, the segmenAB is of color
aor there is a verte&€ such thatAC andBC are of colorg;

(i) The sides of any triangle with vertices at vertices®T are colored in at
most two colors.

Prove thak < 2.
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