45-th Bulgarian Mathematical Olympiad 1996
Fourth Round

First Day

(5P —29)(59— 29)

1. Find all prime numberp andq such that is an integer.
2. Find the side length of the smallest equilateral triamglehich three disks with
radii 2, 3,4 and with disjoint interior points can be placed.

3. The quadratic polynomial(x) andg(x) with real coefficients have the follow-
ing property: Ifg(x) is an integer for some > 0, thenf(x) is also an integer.
Prove that there are integersn such thatf (x) = mg(x) + n for all realx.

Second Day

4. The sequenc@,) is defined bya; = 1 andap, 1 = ? + % foralln> 1. Prove
that[aZ] = nfor alln> 4.

5. Let ABCD be a cyclic quadrilateral. The linesB andCD meet atE, and the
diagonalsAC andBD meet atF. The circumcircles of the triangles=D and
BFC intersect again dfl # F. Prove thaEHF = 90°.

6. A square table ¥ 7 with the four corner squares deleted is given.

(@) What is the smallest number of squares that need to beecbldack so
that every 5-square Greek cross (i.e. a squaxed3with the four corner
unit squares cut off) contains at least one black square?

(b) Prove thatit is possible to write integers in each sqoéthke table in such
a way that the sum of the integers in each Greek cross is megelile the
sum of all integers in the table is positive.
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