44-th Bulgarian Mathematical Olympiad 1995
Fourth Round

First Day

1. Find the number of integers> 1 which dividea?® — a for every integea.

2. Letp be the semiperimeter of a triang8C. PointskE andF are taken on line
AB such thaCCE = CF = p. Prove that the circumcirclle of AEFC is tangent
to the excirclek; of AABC corresponding té\B.

3. Two playersA and B take stones one after the other from a heap with 2
stones.A begins the game and takes at least one stone, but no mora than
stones. Thereafter, a player on turn takes at least onepbubre than the other
player has taken before him. The player who takes the lasestins. Who of
the players has a winning strategy?

Second Day

4. PointsAq,B1,C; are selected on the sidBE,CA, AB respectively of an equilat-
eral triangleABC in such a way that the inradii of the trianglEsAB,, A1BCy,
B,CA; andA;B:C; are equal. Prove thadt, B;,C; are the midpoints of the cor-
responding sides.

5. LetA={1,2,...,m+n}, wherem,n are positive integers, and let the function
f : A— Abe defined by:

f(m =1, f(m+n)=m+1 and f(i) =i+ 1 for all the othei.

(a) Prove that ifm andn are odd, then there exists a functignA — A such
thatg(g(a)) = f(a) forallac A.

(b) Provethatifmis even, thenthereis a functignA— Asuch thag(g(a)) =
f(a) forallae Ais and only ifn=m.
n_
6. Suppose thatandy are different real numbers such th%{—in is an integer for
n__
some four consecutive positive integargrove that% is an integer for all

positive integers..
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