37-th Bulgarian Mathematical Olympiad 1988
Fourth Round

First Day

1. Find all real parametersfor which there is g € [0, 1] such that the equation
X} +2pC+ (2p? — p)¥2+ (p—1)p>x+q=0
has four real roots.

2. Letnandk be natural numbers amia prime number. Prove thatkfis the exact
exponentopin 22" 41 (i.e. p* divides 2" + 1, butp¥+* does not), thekiis also
the exact exponent gfin 2°P~1 — 1.

3. LetM be an arbitrary interior point of a tetrahedr@BCD, and letSa, S5, &, S
be the areas of the facBED, ACD, ABD, ABC, respectively. Prove that

Sa-MA+Sg-MB+S-MC+ S - MD > 9V,

whereV is the volume ofABCD. When does equality hold?
Second Day

4. LetA, B,C be non-collinear points. For each pobtof the rayAC, we denote
by E andF the points of tangency of the incircle dfABD with AB and AD,
respectively. Prove that, as poibtmoves along the ra®C, the lineEF passes
through a fixed point.

5. The points of space are painted in two colors. Prove tleetls a tetrahedron
such that all its vertices and its centroid are of the samercol

6. Find all non-constant polynomiafgx) satisfyingp(x®+ 1) = p(x+ 1)2 for all
X.
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