28-th Bulgarian Mathematical Olympiad 1979

Fourth Round
First Day

1. Show that the equatiot + 5 =y has no integer solutions.

2. PointsP,Q,R, S are taken on respective edghS,AB,BD, andCD of a tetra-
hedronABCD so thatPR and QS intersect at poinN and PS and QR intersect
at pointM. The lineMN meets the plan&BC at pointL. Prove that the lines
AL, BP, andCQ are concurrent.

3. Each side of a triangl&BC has been divided inta+ 1 equal parts. Find the
number of triangles with the vertices at the division polraging no side parallel
to or lying at a side ofAABC.

Second Day

4. For each real numbg&rdenote byf (k) the larger of the two roots of the quadratic
equation
(K% +1)x% + 10kx — 6(9k>+ 1) = 0.

Show that the functiorf (k) attains its minimum and maximum and evaluate
these two values.

5. A convex pentagoABCDE satisfiesAB = BC = CA andCD = DE = EC. Let
Shbe the center of the equilateral trian@iBC andM andN be the midpoints of
BD andAE, respectively. Prove that the trianglgE andSND are similar.

6. The setM = {1,2,...,2n} (n > 2) is partitioned intdk nonintersecting subsets
M¢,Mo,..., My, wherek®+ 1 < n. Prove that there exi%+ 1 even numbers
2j1,2j2,...,2jk+1 in M that are in one and the same subdet(1 < j < k) such
that the numbers 2 —1,2j,—1,...,2jx,1 — 1 are also in one and the same
subsetM; (1 <r <Kk).
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