Bulgarian Mathematical Olympiad 1967, IV Round

1. The numbers 12, 14, 37, 65 are one of the solutions of thatiequ
Xy —Xz+yt = 182
What number of what letter corresponds? (5 points)
2. Prove that:

(a) ify < 3 andn > 3 is a natural number thely + 1)" > y" + (1+ 2y)2;
(b) ifx,y, zandn > 3 are natural numbers for whick? — 1 < 2y thenx +y" £
.

(9 points)
3. ltis given aright-angled trianglsBC and its circumcirclek.
(a) prove that the radii of the circlg tangent to the cathets of the triangle and
to the circlek is equal to the diameter of the incircle of the triangBC.
(b) on the circlek may be found a poir¥l for which the sunMA+ MB+ MC
is biggest possible.
(11 points)
4. Outside of the plane of the trianghBC is given pointD.

(a) prove that if the segmemA is perpendicular to the plarnsBC then or-
thogonal projection of the orthocenter of the triangBC on the plane
BCD coincides with the orthocenter of the trian@eD.

(b) for all tetrahedron8BCD with base, the triangl&BC with smallest of the
four heights that from the verteé, find the locus of the foot of that height.

(10 points)
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