44-th Bulgarian Mathematical Olympiad 1995
Third Round

First Day

1. Let p andq be positive numbers such that the parabpta x2 — 2px+ g has
no common point with the-axis. Prove that there exist poimdsandB on the
parabola such tha&B is parallel to thex-axis andZAOB = 90°, whereO is the
origin (0,0), if and only if p? < q < 1/4. Find the valuep andq for which the
segmenfAB is unique.

2. LetA1Az...A7,B1By...B7,C1Cy...Cy beregular heptagons with areégs s, &,
respectively, such tha A, = B;B3 = C;C4. Prove that

1 S+&
5< 5 <2-V2.

3. Letn > 1 be an integer. Find the number of permutati¢asay, ..., a,) of the
numbers 12,...,n with the property thaty > a1 holds for only one index
i€{1,2,...,n—1}.

Second Day

4, Letn>2and 0<x; < 1fori=1,2,...,n. Prove that
n
(X1 +Xp 4+ 4 Xn) = (XiXp +XoX3 + -+ +XnX) < [5}

When does equality hold?

5. LetM be an interior point of the triangl’BC. The linesAM,BM,CM meet the
opposite sides of the triangle Af,B;,C; respectively. Prove that ¥ is the

centroid of AA1B,Cq, thenM is the centroid oAABC.
. . o X4y
6. Find all pairs of positive intege(s,y) for which ”

1995.

is an integer that divides
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