Bulgarian Mathematical Olympiad 2008
Regional Round, April 19-20

Grade 9
First Day

1. Find all pairs of integer numbe¢g, q) such that the roots of the equation:

(Px—0)*+ (ax—p)? =x
are also integer numbers.

2. It is given a rhombu#&\BCD with sidelengtha. On the lineAC are chosen the
pointsM andN in such a way that lies betweerA andN andMA-NC = a2. We
denote withP the intersection point d#1D, BC andQ is the intersection point of
ND, AB. Prove thaD is the incenter of the triangleQB.

3. Find all natural numbenswith exactly 8 natural divisors which sum is equal to
3780 (including 1 andah).

Second day

4. Itis given the isosceles trianghBC (AC = BC) where the angle’ACB is equal
to 30°. The pointM is symmetric to the vertef with respect to the lin8C. N
is symmetric to théM with respect to the verteR. If P is the intersecting point
of the linesAC andBN andQ is the intersecting point of the linésN and PM
find the ratioAQ : ON.

5. Solve the equation:
x> —13x +11=0

6. The cities in a country are connected with paths. It is kmtvat two cities are
connected with no more than one path(s) and each city is coetheith not less
than three paths. A traveler left some city must pass thratdbast six other
cities (it is not allow passing a path more than once) befergdes back to its
starting position. Prove that the country have at least Rdsci
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Bulgarian Mathematical Olympiad 2008
Regional Round, April 19-20

Grade 10
First Day

1. Find all pairs real values afsuch that the following inequalities are satisfied:

1
1<VXx+2——=<4
- VX+2 7

2. The pointsA, B andC are situated on the circumferenkeén such a way that
the tangents t& at the pointsA andB intersects at the poifR andC lies on the
bigger arcAB. Let the line througI€ which is perpendicular tBC intersects the
line AB at the pointQ. Prove that:

(a) if the linesPC andQC intersectsk for second time at the pointd andN
then the anglegCQP and ZCMN are equal.

(b) If Sis the middle point oPQ thenC is tangent tck.
3. Prove that there exist a functidn N — N, such thaff (f (n)) = 3nfor all natural

numbers.

Second day

4. Itis given the equation:
8—2m2*+1+4m=38
wheremis a real parameter.

(a) Solve the equation fan= 6.
(b) Find all real values ofn for which the equation have exactly one positive
solution.
5. If a, b, c are positive real numbers prove the inequality:

a° . b° . c® N
bc ca ab 2a2b2c?

When does equality holds?

> 2(a3+b3+c3)+g—6abc

6. An isosceles trapezium with bases 1 and 5 and equal sidedemigth/7 is
covered with 10 circles with radii. Prove thar > 1/2. (Herecovered means
each trapezium'’s point is in at least one of the circles).
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Bulgarian Mathematical Olympiad 2008
Regional Round, April 19-20

Grade11l
First Day

1. Itis given an arithmetic progressian, ay, ... ,an, ... for whicha; -a; < 0 and
(a1 +ax+ag) L + = + Ly 3
1+azx+ag a a8

Find the smallest natural number- 2 for which % is a square of natural num-
ber.

2. In the equilateral triangl&BC is chosen a poin®. Its symmetric point with
respect to the sideBC, CA andAB are denoted respectively withy, B; andC;.
Prove that the linedA;, BB; andCC; intersects at a common point.

3. Letaandb are natural numbers. Prove that the sequefag},,_,, defined with
the equalitiesy = aandan:1 = @(an+b), n > 1 is bounded. For every natural
numberk with @(Kk) is denoted the number of natural numbers smaller kreard
coprime withk.

Second day

4. Inacircle with radiR= 65 is inscribed a quadrilaterABCD for which AB = 50,
BC = 104 andCD = 120. Find the length of the sid&D.

5. (a) ltis giventhe sequeneg = /n,n=1,2,.... Prove that

ima,=1

n—oo

(b) Lef f(x) is a polynomial with positive integer coefficients. Provattthe
sequencé, = {/f(n),n=1,2,..., converges and find its limit.

6. Letk is a natural number. We denote witlik) the biggest natural number for
which there exists a sé from natural numbers witti (k) elements, such that:

(i) Each element fronM is a divisor ofk.
(i) There are no element fro that divides some other element frdvh

Prove that ifm andn are coprime numbers then:

f(n-2" . f(m-2M) = f(mn-2™™")
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Bulgarian Mathematical Olympiad 2008
Regional Round, April 19-20

Grade 12
First Day

1. In atriangle pyramidBCD adjacent edgeBB andDC are equal and’'DAB =
/DAC. Find the volume of the pyramid B = 15, BC = 14, CA = 13 and
DA =18.

2. Find the values of real parametefor which the graphs of the functiorf§x) =
x? +aandg(x) = x> have exactly one common tangent.

3 .
2008) + 2008

3. Isthere exists a natural numbeior which the numbe(T S isasquare

of a natural number.

Second day

4. Find all natural numbeissuch that
[\/ﬁ+ Vn+ 1} = [\/4n+a}

for any natural numbar (with [X] is denoted the integer part of the numiger

5. The incircle ofABC is tangent to the sideBC, CA and AB respectively at the
points: A;, By andC;. It is also known that the line A1B1 pass through the
middle point of the segme@C,. Find the angles of the triangle if their sines
form an arithmetic progression.

6. LetR be the set of all real numbers. Find all functionsR — R such that

f(x+y?) > (y+1)f(x)

for all x, y that belongs t@.
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